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Two problems illustrating the use 
of mathematics in modern industry 


CHARLES R. HICKS, Purdue University, Lafayette, Indiana. 


Refreshing and new applications of mathematics are always welcomed 
by teachers of secondary mathematics. Not many readers 
of Tat Matuematics TEACHER will have heard of these 


MvucH HAS BEEN WRITTEN about the im- 
portant role a mathematician plays in a 
modern industrial organization, but the 
high school teacher often wants to see 
some specific uses that are made of the 
mathematics he teaches. The following 
examples will show the application of ele- 
mentary mathematics, although more 
general problems would involve higher 
mathematics. 

Problem No. 1: A manufacturing plant 
plans to make two models of a new prod- 
uct. Model I is known to produce $5 
profit per unit and Model II, $10 profit 
per unit. The problem is to decide how 
many of each model to make in order to 
yield the maximum profit. You may say 
that the answer is obvious: make only 
Model II. However, the time required to 
manufacture each model on two machines 
through which each model must go is less 
for Model I than Model II. In fact the 
required times in minutes are given as: 


| 


| Model I | Model IT 
MachineA | 3 | 4 
Machine B | 2 6 


It is also desirable to run no machine over 
3 hours or 180 minutes for the complete 
order. 
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interesting and usable illustrations. 


Solution: If we let x; equal the number 
of Model I to be made, x2 equal the num- 
ber of Model II to be made, the profit 
(P) can be expressed as 


P=$5-2,+$10: 2x2 


and we want this P a maximum subject 
to certain restrictions placed on the ma- 
chines, namely, 

total time Machine A is used 


=327,+422S 180 minutes 
total time Machine B is used 
minutes. 


We also require that 27,20, 2.20. 

If we consider the restrictions as equali- 
ties only and plot on a graph, we get the 
curves shown in Figure 1. 

Here the shaded area represents a 
region in which both restriction inequali- 
ties would hold. For example, at point R: 
we would make 35 of Model I and 10 of 
Model II. Machine A would be involved 
for 3(35)+4(10) =145 minutes and Ma- 
chine B for 2(35)+6(10)=130 minutes, 
both values being within the allotted time 
of 180 minutes. However, at point Q: 
Machine A _ time=3(10)+4(30) =150 
minutes (O.K.) but Machine B time 
=2(10)+6(30)=200 minutes, which is 
over the time allotted to that machine. 
Hence any combination of x; and 22 lying 
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in the shaded area will satisfy the given 
restrictions. Now, how do we choose the 
combination which will give a maximum 
profit? 

Next we plot profit curves’ or 
P=52,+10z2. on the same set of axes. 
Taking various values of P, we get a 
family of parallel lines with slope —}3. 
(See broken lines on Fig. 2.) The line 
which gives maximum profit (P) and is 
still within the shaded area will determine 
which combination of x; and 22 will yield 
the maximum profit. In this case, we see 
that the maximum profit will be realized 
where the two restriction lines intersect. 
We can think of this profit line as moving 
upward and to the right until it passes 
out of the shaded region. Thus, at the 
point M we get the proper combination 
of x; and x, for a maximum profit. As this 
point is the intersection of the two re- 
striction lines, it can be found by solving 
simultaneously : 


32 +422 = 180 

27; +622 = 180 
This can, of course, be done by substitu- 
tion, elimination or by determinants. 


Choosing the latter (which should be 
taught in advanced algebra), we find: 


| 180 4 | 
180 6 | 360 
=36 
10 
2 6] 
2 180 180 
10 10 


So we conclude that the maximum profit 
will be realized if we make 36 of Model 
I and 18 of Model II and this profit will be: 


P =5(36) +10(18) = $360. 


Comment: This problem taken from the 
field of linear programming illustrates the 
use of graphs, expressing a problem in 
algebraic terms, simultaneous equations, 


determinants, etc. A more involved prob- 
lem with many models and several ma- 
chines would require the solution of 
several inequations, and the techniques 
of calculus (for maximizing) and matrix al- 
gebra are required. However, for a basic un- 
derstanding of such problems in program- 
ming and allocation of goods, one needs 
the simplified approach of high school 
mathematics. 

Problem No. 2: A design engineer wishes 
to put tolerances on an over-all assembly 
of two parts whose given specifications are: 


Part A: 2.100” +0.004’” 
Part B: 1.800” +0.003” 


Should the over-all specification be 
3.900” + 0.007”? 


50 
3x, * 4x, * 180 
3° 
2 


Figure 2 
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Figure 3 


Solution: Certainly the designer is safe 
in putting a 0.007” tolerance on the over- 
all assembly, but from a probability view- 
point, the chances that Part A will meas- 
ure 2.104” at the same time that Part B 
measures 1.803” is very small. In fact it 
can be shown that if (1) the measurements 
of each part follow a normal distribution, 
(2) they are assembled at random, and (3) 
they are independent parts, the tolerances 
should add in a Pythagorean manner. 
That is: 


T.=V 
where 7’, is the over-all tolerance. In this 
case, then 


and the specifications can be safely set at 
3.900” +0.005” with little risk of an 
assembly exceeding +.005”. 


Comment: The above shows the use of 
the good old Pythagorean Theorem 
(c?=a?+b?) in solving a design problem. 
Many basic formulas in statistics involve 
this theorem as we assume independent 
variables which means the variables are 
considered at right angles to one another 
and the sum is the Pythagorean sum. 
(See Fig. 3.) 

An interesting application of this prin- 
ciple made at one of our leading electrical 
companies was: How to get a 200-ohm re- 
sistor with tolerances +?%. To have one 
specially made would cost the company 
about 40 cents. Using the Pythagorean ad- 
dition of tolerances idea, someone sug- 
gested adding two 100-ohm resistors in 
series, each one being a 1% resistor (i.e., 
its tolerance band would be +1 ohm). The 
resulting resistance would be 


200 ohms + /(1 ohm)?+(1 ohm)? 
= 200+ 1.414 ohms 


or approximately 200 ohms +0.7%. This 
is even better than the +0.75% required 
and two 1% resistors could be purchased 
for 1 cent each. The savings to the com- 
pany using thousands of such resistors is 
quite obvious. 

These examples are intended to show 
some applications of elementary mathe- 
matics in our present-day industrial 
world. 


“The shortest distance from one point to another is a geodetic line, but such a line can be followed 
only if one knows one’s destination, in which case there would be no discovery. The ways of discov- 
ery must necessarily be very different from the shortest way, indirect and circuitous, with many 
windings and retreats. It’s only at a later stage of knowledge, when a new domain has been sufficiently 
explored, that it becomes possible to reconstruct the whole theory on a logical basis, and show how it 
might have been discovered by an omniscient being, that is, if there had been no need for discovering 
it!”"—George Sarton, The Study of the History of Mathematics, Harvard University Press, 1936, page 


19. 
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Emotion and thought 


ROBERT B. DAVIS, University of New Hampshire, Durham, New Hampshire. 
That emotions can both facilitate learning and block learning 


is an accepted psychological fact. The author considers 
those factors which he feels develop an optimal 


Ir 1 MAY SPEAK of the human mind, some- 
what roughly, as a computing machine, 
then it is certainly a machine which is 
formidably intricate and incredibly deli- 
cate. Moreover, and this is the point which 
I wish to discuss, it is devastatingly sub- 
ject to the influence of the emotions. The 
teacher who is trying to improve the prob- 


lem-solving ability of a student is conse- — 


quently involved in the manipulation of 
an awesome piece of machinery. The result 
of this manipulation may range all the way 
from permanent improvement to _per- 
manent damage. The matter is worth dis- 
cussing largely because it lies within our 
ability to secure a maximum of improve- 
ment and a minimum of damage, provided 
we know how to go about it. But it is not 
always done the way one might expect. 
Goals like accuracy and precision must be 
approached with some caution; under cer- 
tain circumstances they can become, sur- 
prisingly, not the desirable things we 
usually think them, but rather obstacles 
and sources of difficulty. This occurs 
chiefly when these goals are overstressed, 
or when they are used as the vehicle for 
expressing such emotions as resentment or 
hostility. 

1. The subtlety of emotional influences. 
Recently I was working to generalize a 
theorem I had just proved. I found myself 
not really trying. I was not really trying 
because I suspected that no improvement 
was possible. Probably, also, I was not 
really trying because I wanted to be done 
with the matter, give the existing version 


learning situation in the classroom. 


to the typist, and get on with something 
else. Finding an improvement would force 
me to alter everything that had been writ- 
ten. 

I did, finally, establish the extended 
version of the theorem. But this became 
possible only after I had settled three pre- 
liminary matters: 

First, I had to recognize that I was not 
really trying. 

Second, I had to make myself believe in 
the possibility of success. 

Finally, I had to persuade myself that 
the improved version was worth striving 
for, that it really was something I wanted. 

This influence of the emotions on one’s 
rational thought processes—especially as 
it appears in students—is a central prob- 
lem of good teaching. As a sheer guess, we 
might estimate that the teacher is well ad- 
vised to devote one-tenth of his effort to 
the objective presentation of material 
(which should be an easy task for him, 
anyway, if he is well qualified), and to 
spend the remaining nine-tenths in estab- 
lishing a suitable emotional background 
for the student’s efforts. Obviously, not 
everyone would agree with this estimate, 
but I think there is much evidence to sup- 
port it. 

The teacher who is to be cognizant of 
emotional influences must possess, among 
other qualifications, these two: He must 
be able to perceive the student’s needs, 
and he must be able to adjust his own be- 
havior in response to these needs. In doing 
this, the teacher’s chief obstacle is the 
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large heritage of attitudes which are in- 
appropriate to the situation. On the other 
hand, his chief asset is his understanding 
of his own mental processes and feelings 
and his knowledge of what works well in 
his own case. 

The important influences in the teacher- 
student relation are very small things: an 
inflection in the voice at the end of a ques- 
tion, or perhaps even a glance, with no 
words spoken. We must be careful not to 
become so concerned with the gross, mac- 
roscopic phenomena that we overlook the 
nuances. Which teachers terrified us, when 
we ourselves were students? Did it depend 
upon what they actually said, or upon the 
way that they said it? Or even upon the 
way that they acted and looked, when 
they weren’t speaking at all? 

As a further example of the sort of 
thing we are dealing with, it is worth 
noticing how many different matters are 
involved in “wanting to learn” : wanting to 
win the teacher’s approval, wanting to 


_avoid punishment, wanting to stand on 


one’s own feet without the teacher’s help, 
wanting to be able to defend one’s own 
ideas against any criticisms of the teach- 
er’s, wanting to develop self-confidence, 
wanting to contribute a new idea, and 
many other things. I might add: wanting 
to satisfy one’s own sense of what is right. 
The diversity and depth of these phenom- 
ena is never exhausted, however long and 
carefully the teacher may observe the 
student’s motives. He who is not alive to 
the subtleties of student desires and stu- 
dent motivation—indeed, he who is not 
thrilled and intrigued by them—has little 
likelihood of being a good teacher. But the 
phenomena are of the greatest subtlety, 
and many teachers find them easy to over- 
look. He who thinks of motivation as 
rooted in good grades and later earning 
power is a poor observer indeed. 

2. Student needs and teacher attitudes. 
Perhaps we should consider a few typical 
needs of students, and a few of the atti- 
tudes that frequently appear as obstacles 
to the teacher. This is no easy matter. It 
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is this very subtlety of the phenomena 
which confounds us. The inter-relations 
between two people consist of a perfectly 
evident verbal part, and of a nonverbal 
part that is not at all evident. Unfortu- 
nately, the ‘invisible’ nonverbal part is 

usually the more decisive. However much 

we dislike someone, it is not at all easy to 

say exactly why we dislike him. If we are 

strongly attracted to some other person, 

it is not to be explained, ordinarily, on the 

basis of something he has said, but rather 

because of something he has communi- 

cated without using the literal meaning of 

words. 

Let us give an example. In the final 
scene of the recent movie version of Her- 
man Wouk’s Caine Mutiny, the captain 
and a young officer named Keith are stand- 
ing on the bridge of a minesweeper, about 
to take her out to sea. Keith has been dis- 
tinctly arrogant, and remarkably incom- 
petent, in his past performances. As if this 
were not enough, he has made matters 
considerably worse by voicing a dislike for 
the captain, and by becoming involved in 
a mutiny. Keith, in short, is a problem. 
Now for the scene on the bridge: it is sim- 
ple in the extreme. The captain looks at 
Keith. ‘Keith,’ he says, and pauses for a 
memorable piece of nonverbal communi- 
cation, “take her out!” 

By facial expressions, by tone of voice, 
by whatever other subtle mannerisms—as 
well as by the act itself of entrusting the 
ship’s safety to Keith—the captain has 
said, in effect: “Go ahead. You will find 
yourself. If you try to take the ship out, 
nothing terrible will happen. I trust you; 
you can afford to trust yourself a bit.” 

Undoubtedly, any exceptional nervous- 
ness on the part of the captain would have 
been communicated to Keith and would 
surely have impaired his performance. 
Any insincerity, ambivalence, resentment, 
or similar feeling would also have been 
communicated. Each of us has everyday 
experiences which demonstrate how easy 
it is to “get rattled’’—often in response to 
someone else’s anxiety. The teacher’s feel- 
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ings are likewise transmitted to the stu- 
dent, and have the strongest influence on 
how well he likes a subject, how hard he 
works in it, the quality of the work, and 
his use of the subject in years to come. 
This last point alene would suffice to 
direct a great deal of attention to the com- 
munication of attitudes between teacher 
and student. After all, in later life, the stu- 
dent can go out of his way to make use of 
a certain subject, or he can go out of his 
way to avoid it; if he does use it, he can do 
so creatively, or he can do so in a thor- 
oughly routine way. Much of this is deter- 
mined by minute nuances experienced in 
the classroom. 

In one of my own classes I recently had 
a student who presented a picture rather 
like Keith. I am sure this student disliked 
teachers. He had accumulated a long 
record of failures in mathematics. I be- 
lieve he found the subject incomprehensi- 
ble. His own ideas of what was important 
within a problem had, I suspect, never 
seemed to coincide with the ideas of his 
teachers. (Incidentally, I might add that 
the teacher who is not able to explain his 
ideas so that the student willingly accepts 
them, and understands them, but who is 
nonetheless prepared to insist upon these 
ideas, is one of the major sources of resent- 
ments and feelings of inadequacy among 
mathematics students.) He appeared to be 
left with the feeling that it was impossible 
ever to please the teacher, that mathe- 
matics was a magical subject where any 
reasonable decision would later turn out to 
be wrong, for some reason of the most un- 
predictable sort. It doubtless seemed to 
him to defy understanding. Mathematics 
looked to him like a combination of witch- 
craft and the capricious misuse of author- 
ity. 

Toward the end of the term he began to 
work diligently, if somewhat uncompre- 
hendingly. I take some credit for this spurt 
of activity. I imagine I had made him feel 
that success was a more real possibility 
than he had formerly thought it to be. On 
one occasion he volunteered to go to the 


board and solve a problem. This already 
indicated a great increase in his belief that 
‘nothing terrible would happen.” By this 
I refer especially to the nonverbal relations 
between him, the class, and me. The 
achievement which I claim for myself is 
that I had made him feel, after a term’s 
contact, that my attitude toward him 
would continue to be friendly and encour- 
aging, whatever came of his efforts at the 
blackboard. This, of course, was a non- 
verbal matter. It makes little difference 
what the teacher says; the crucial thing is 
his manner. 

When this student went to the board, he 
was noticeably anxious. He worked most 
of a difficult problem with fair accuracy 
(getting almost the right answer), though 
he omitted some parentheses and made a 
few similar errors. When he had finished, 
I told him that I thought he had used a lot 
of good ideas (which was entirely the 
truth, and may consequently have 
sounded sincere). Then I asked him, with- 
out specification, if he had written exactly 
what he had intended in each of the lines 
of work. With no further comment from 
me, he turned and corrected most of his 
minor errors. 

This is in many ways the crux of the 
matter. By building self-confidence, by 
pointing out the positive paths to achieve- 
ment, by encouraging faith in the possi- 
bility of success, we do the optimal job of 
teaching. What we really have to do is to 
show each student that something he 
wants can be achieved by his own efforts in 
a certain direction. The use of negative in- 
ducements, threats, intimidation, or ridi- 
cule is a more dangerous and far less 
satisfactory approach. Veiled threats are 
no better. The trouble with inhibitions, as 
everyone today seems to know, is that they 
have an alarming tendency to spread. If 
we say “don’t’”’ to someone often enough, 
he soon becomes unable even to do those 
things which are permissible. (One en- 
counters students of piano who have been 
told so frequently, and with such convinc- 
ing feeling, not to make noise and disturb 
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the rest of the family, that this has finally 
become a factor in their striking wrong 
notes during a performance. After all, mu- 
sic is a communication between performer 
and hearer, and if the hearer has habitually 
interpreted it as a hostile communication 
the player may gradually come to accept 
this evaluation, and to develop the guilt 
feelings which one would then expect.) In 
mathematics, I have seen students reject 
a simple and satisfactory solution to a 
problem, because they have acquired the 
feeling that things just are not that easy. 
Anything that nice must be immoral! 

I can summarize the question of student 
needs by saying that the student does 
need someone to point out the paths to 
satisfaction; he does not need someone to 
stand by and threaten or intimidate. 
Every human being is trying, in a pro- 
found sense, to do his best. We can be 
most helpful by keeping open at least some 
paths to satisfaction, by showing that these 
paths are a real answer to his needs and 
desires, and by not confronting the student 
with desperate and unsolvable dilemmas. 

3. Attitudes which are obstacles. Many 
teachers overemphasize the demands of 
accuracy and precision. They can make a 
misplaced minus sign appear as the epit- 
ome of total failure. They can create a 
state of anxiety in the student, until he is 
unable to approach any problem in mathe- 
matics without a terrifying sensation of 
tottering insecurely at the brink of a bot- 
tomless pit of absolute incompetence (not 
to mention ridicule) into which he may at 
any instant be pushed by the fatal error of 
misplacing a decimal point. I do not mean 
to counsel indifference to the need of ob- 
taining a correct answer. The point is that 
one is more likely to get the right answer 
when one is relaxed and self-confident than 
when one is anxious and insecure. 

In the hope of making these ideas more 
concrete, I should like to refer to a recent 
article by Catherine Meehan.' This article 


1 Catherine Meehan, ‘“‘Mathematics and the De- 
velopment of Good Citizens,’”” Tae MaTHEematics 
Teacuer, Vol. XLVII (April 1954), pp. 226-230. 
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gives something of a converse to the point 
of view which I am describing. Her point 
of view is that, by presenting mathemati- 
cal techniques, the teacher influences the 
attitudes of the student. Our present in- 
terest is in the converse: the attitudes of 
the teacher are communicated in a subtle, 
nonverbal way to the student, and give 
rise to certain definite attitudes in the 
student which have a decisive influence on 
his problem-solving ability. I should like 
to join Miss Meehan in emphasizing that 
the flexibility or dogmatic rigidity of the 
graduate, his creative zeal or his apathy, 
his responsiveness to new ideas or his rejec- 
tion of them, all date back in large part to 
his student days, to the subtle examples 
set by the attitudes of various teachers. 
Miss Meehan writes: 

... we meet local employers, day after day, 
who beg us to teach attitudes, good old-fashioned 
attitudes. If this could be done by means of an- 
other course, someone would have tried it before 
now. It used to be done in the regular classroom. 
It is still being done in mathematics classes led 
by alert, enthusiastic, well-prepared teach- 
... 


I hope that I may be forgiven my use of 
a couple of excerpts as a springboard to 
plunge into my own remarks. In regard to 
this first quotation we might emphasize 
these points. 

1) Attitudes certainly are taught by 
countless little experiences, all day long, 
in class and out. This is the very aspect of 
education which we wish to emphasize. A 
teacher who counsels self-confidence in all 
of the big things, but who induces diffi- 
dence in all of the little things, will have a 
harmful effect in the long run. Perhaps, for 
example, he is inclined to interrupt im- 
politely at times when the student is talk- 
ing, implying a real lack of respect for the 
student’s presentation—perhaps also for 
the student. 

2) The potentialities for inducing good 
attitudes or bad are tremendous. Many 
adults possess excellent thought processes 
which they owe, in part, to certain of their 


2 Ibid., p. 226. 
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teachers. Alternatively, many adult cases 
of anti-intellectualism, lack of self-con- 
fidence, over-expression (or over-inhibi- 
tion) of hostility, distaste for certain sub- 
jects, or failure to appreciate abstract 
thought can be traced back to teachers 
who have been instrumental in establish- 
ing such patterns. As an example, we 
might cite the case of the teacher who al- 
ways insists upon being right, and who 
may thereby create in students a ‘“what- 
does-it-get-you”’ attitude toward logic 
and rationality. Logic may appear as an 
inadequate defense against the capricious 
authority of the teacher. The good teacher 
always tries to make it clear whether he is 
stating his opinion, or is dealing with ob- 
jective fact. As much as possible, he guar- 
antees the student a secure refuge in logic. 
Contrariwise, I have heard poor teachers 
brush aside the student’s logic even when 
it was largely correct. One might say: in a 
good school, a freshman with a rational 
line of reasoning will prevail over a dean 
who cannot thus support his conclusions. 
In a poor school, the dean is always right. 
What place has logic in such a school? 
3) As we have mentioned earlier, it is 
not what you do, but the way that you do 


it. The attitudes of the teacher are de- | 


cisive, for it is these which influence the 
attitudes of the student. The question is 
not, for example, whether the teacher tries 
to state the need for logic, but rather 
whether the teacher himself trusts his 
own logic, and genuinely believes in the 
student’s ability to be logical. If the teach- 
er is over-controlling, and interferes too 
much in the student’s thought processes, 
the student has no opportunity to de- 
velop his own logical facility. That the 
over-controlling teacher makes speeches 
extolling logical thought means little if he 
continually interferes, as some teachers do, 
in all of the student’s attempts to think for 
himself. 

Permit me to interrupt myself. It oc- 
curs to me that I may not be understood, 
because the reader may be saying to him- 
self: “But, after all, isn’t the internal 


logic the important thing?”’ Yes, of course. 
That is to say, it is the important thing to 
the mathematical structure itself; it is the 
important thing once it is all set down on 
paper. But there is a stage, or even many 
stages, prior to that. One must select 
strategies, or lines of attack. One must 
recall this, and see the possibility of using 
that. In later life, one must choose be- 
tween various problems, and decide which 
are feasible and which are not. If a line 
of attack is not leading to success, one 
must choose between abandoning it or 
persevering, and extreme error in this 
direction is not uncommon; often people 
have long continued attempts in a hope- 
less direction, or have left an approach just 
short of victory. One must decide when 
to resort to a search of the literature, and 
when to figure the matter out for oneself. 
Often there are many different types of 
solution, and one must decide which type 
to look for, as in choosing between finding 
a primitive function in integration, or re- 
sorting to numerical methods. For the 
student, who has not yet achieved such a 
high level of integration of his knowledge, 
there is often the choice of whether to use 
the method learned in trigonometry, and 
when to use the method learned in ana- 
lytic geometry. One must sometimes de- 
cide either to try a certain change of 
variable, or else to reject it as unlikely. 
One can give literally millions of examples; 
indeed, one cannot solve even the sim- 
plest trigonometric identity without mak- 
ing many choices of this sort. I believe this 
is one of the functions of inspiration in 
teaching—to provide insight into how to 
make these decisions. This is done chiefly 
by the example of the teacher, and is one 
reason why I believe that it is virtually 
impossible to teach mathematics unless 
one is really extremely proficient in the 
subject. I know many teachers who are a 
few pages ahead of the students in the 
textbook, and who are known for the 
clarity of their lectures and are considered 
adequate teachers. I feel they are not. 
They are usually incapable of showing the 
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student*the important example of a man 
who knows how to make all of these 
choices, and without this, teaching is 
meaningless. 

The reader may further ask: “Still, 
isn’t student performance a question of 
aptitude or ability? If the student hasn’t 
got what it takes, what is the teacher to 
do then?” Well, there is no doubt that 
there is such a thing as ability, or aptitude, 
or intelligence, just as there is such a thing 
as body weight. But just like body weight, 
this is relatively constant just so long as 
we do not make any intelligent effort to 
change it. The student’s aptitude in a 
subject is the historical summation of his 
experiences relating to that subject. It 
is not even necessary to argue over the 
question of heredity. There is so much 
plasticity and potentiality for change in 
virtually every student that hereditary 
differences, even if they do exist, are not 
ordinarily the decisive factor. Heredity, 
or aptitude, or intelligence is usually 
neither more nor less than the excuse 
which the teacher offers when he has failed 
to understand the needs of a certain stu- 
dent or has been unable to meet these 
needs. Most “‘student’’ failures can be 
traced back to some adult, often a teacher 
though not always the current teacher. 
Sometimes one must look to the teacher 
of an earlier course who has left a residue 
of distaste, lack of self-confidence, inde- 
cision, and anxiety. 

But after all, how can I say to the teach- 
er: This is your job; look to it! Many good 
teachers have recognized this as their 
job, as far back as we know the history 
of teaching. To teach is to inspire. Many 
teachers (whom I unhesitatingly label 
inadequate) say: No, it is not my job. 
My job is to present material; if the 
student can get it, well and good. But if he 
fails, do not blame the failure on me. 

And I would be the first té agree that it 
is not an individual matter. The cumula- 
tive effect of previous teachers may be 
more than one can counteract. It is pre- 
cisely for this reason that the criteria of 
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teaching are so complex. A teacher may 
say he has taught successfully this way 
for years; ah, but what sort of problem 
has he been leaving for the teachers who 
had to deal with these students in following 
years? Did he teach the students to think 
for themselves? Did he teach them to like 
the subject, and to want to work hard in 
it? Did he teach them to approach prob- 
lems with self-confidence? Or perhaps just 
the opposite? 

What of the person who, in later life, 
carefully avoids the use of mathematics 
as much as possible? Can we say that his 
mathematics teachers were successful, 
simply on the basis that he was once able 
to solve quadratic equations? The simplici- 
ties of examinations and grades are no 
substitute for the complex criteria of later 
life, and teachers, if not students, must be 
judged by these long-range criteria. 

Suppose that we consider a second ex- 
cerpt from Miss Meehan’s article: 

I believe that we give our attention to de- 
veloping the individual as a person who will be 
able to really live—happily, successfully, and 
peacefully in our democratic society—and who 
will know and will fight fiercely when his stand- 


ards are imperiled. .. . 

What are some of these standards? 

1. Accuracy—By this standard we hope to 
develop attitudes of promptness, precision, 
honesty, ete. 

When Sammy, in the early grades, is given 
this problem, ‘“There were five birds on a branch 
of a tree; two flew away; how many are still on 
the branch?” his answer must be ‘‘three’’ and 
only “three.’’ ‘““‘Two”’ is not acceptable on the 
theory that if there are three left there are cer- 
tainly two! What kind of a city treasurer or a 
club treasurer or a banker would Sammy make 
if we took ‘“‘two”’ for his answer? Equivocation 
is not honest and we just won’t have it.* 


One could discuss this excerpt at great 
length; let me settle for two remarks: 

First, suppose that Sammy does in fact 
argue that there are two birds left. I 
think we would make a mistake if we 
brushed aside his logic here. We would 
run grave risk of forcing him to profess a 
belief in our logic, while he acquires more 
than a shade of doubt as to his own ability 


3 Ibid., pp. 226-227. 
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to look at the phenomena and follow out 
their intrinsic logic himself. Is he wrong 
in saying that there are two birds left? 
As a matter of fact, he evidently is not; 
he has seen a real truth concerning num- 
ber which we should not brush aside. 
Perhaps he has been more astute and more 
profound than we have been. He has 
pointed up a weakness, not in his logic, 
but rather in our question. “Two birds 
are left’’ is a true statement! What we 
are really asking for is the strongest state- 
ment of this kind that can be made, and 
“Three birds are left’’ is also a true state- 
ment, is stronger, and is in fact the strong- 
est true statement, hence the answer. We 
would do Sammy an injustice—hardly the 
example which we mean to set—if we 
made him feel that our question was 
properly posed and his logic was fallacious. 
In truth, our question was vague, and he 
responded with a correct statement whose 
logical validity is unassailable. There are 
two birds left. That there are three im- 
plies a fortiori that there are two. 

Sammy has looked at the situation clear- 
ly and realistically. Do we wish to brush 
this aside? Do we want him to take our 
word for it? If he does, he runs grave risks 
for the future. What criteria will be left 
him later on? Is he to try to remember 
what people have fold him is true, or is he 
to try to figure it out for himself? 

There is a digression here which I 
cannot resist. Miss Meehan argues that 
we want Sammy to be a good club treas- 
urer. Well, if we are to take ultimate 
social values into account, as Miss Meehan 
essentially implies, is a numerical error in 
arithmetic so much worse than pathologi- 
eal gullibility, which we seem to instill in 
many a student today? Neither is desirable 
but in social terms, the mathematics teach- 
er might well give a thought to the ques- 
tion of whether he is preparing his students 
to believe the worst lies of propagandists, 
because he has taught them to disbelieve 
the evidence of their own senses and their 
own logic, and to accept a logic which is 
foisted upon them from without. 


But that is really irrelevant to my cen- 
tral theme. I claim that we must have a 
care lest Sammy soon find himself unable 
to do mathematics, irrespective of whether 
or not he becomes grist for the mills of the 
propagandist. There is no foundation for 
science other than logic mastered within 
one’s own mind. There is no rote approach 
to science. There is no acceptance of exter- 
nal logic. The acceptance of external logic 
is itself illogical. 

My second comment is this: ‘‘Prompt- 
ness, precision, honesty, etc.”’ are worth- 
while virtues, but we must use the words 
with caution, lest we be utterly misunder- 
stood. There is a kind of compulsive 
promptness which is virtually nothing 
more than a weapon with which some 
individuals belabor an easy-going world. 
Is our ideal the rigid individual who re- 
proaches acquaintances when they are 
two minutes late for a luncheon engage- 
ment? Or the individuai who demands 
absolute punctuality from his employees? 
I should say these are hardly the ideal; 
the ideal person is flexible, adaptable, 
easy to get along with, and reasonably 
forgiving and generous. Training in 
“‘promptness, precision, honesty, etc.” 
is a strong medicine which we must take 
care not to administer in over-large doses. 
To do so is detrimental to the way the 
student relates to other people, is harmful 
to his own creative thought processes, and 
exerts a pernicious influence on the way 
he feels about himself. 

I have mentioned various things which 
I feel the good teacher does or does not 
do. It is worth adding one more: I believe 
every really good teacher is frequently 
struck with a sense of awe at the consistent 
logic of nearly all of his students. (True, 
this may be most remarkably obscured by 
the fact that the student did not trouble 
himself to glance at pages nine and ten of 
the text, and so on.) Students, youngsters, 
even infants show an almost incredible 
natural gift for logic. I recently watched 
a nine-month-old baby trying to escape 
past a gate that had been put in place 
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with him in mind. In back of him was an 
unfastened gate of identical construction, 
not needed at the moment. After unsuc- 
cessful efforts at moving the fastened gate, 
the baby returned to the unfastened gate, 
which he could move with ease. He re- 
peatedly went from one gate to the other, 
clearly attempting to use the one as an 
example of how to solve the problem of the 
second. I am awe-struck by the cleverness 
of such an approach. 

Many remarks along the present lines 
could be appended to various other ex- 
cerpts from “‘Mathematics and the De- 
velopment of Good Citizens.’’ I may as 
well confess that, taking that article as 
a whole, I feel a lack of sympathy with the 
tone of it all, though perhaps I misunder- 
stand the true meaning. To arrive at a 
proper balance in educational matters re- 
quires constant discussion, a constant 
meeting of different minds. Teachers must 
be especially alert to recognize any harm- 
ful tendency in themselves toward being 
over-controlling or overly rigid. The 
teacher is so frequently right, and stands 
so unmistakably in a controlling position, 
that he must make great efforts to yield 
to the correct logic of students, and to 
permit them the generous amount of free- 
dom which is necessary for learning. Stu- 
dents must be allowed to make mistakes, 
to try out their own ideas, to think for 
themselves. Good teaching cannot be built 
on the attitude that the students are stu- 
pid. In point of fact, the logic of students, 
as has been remarked above, is nearly 
always at least partly correct. The good 
teacher builds on the correct part, whereas 
the poor teacher attacks the weaker part. 
Hence the good teacher leads the student 
along the path to self-reliance and self- 
confidence, while the poor teacher induces 
feelings of inadequacy and distaste for the 
subject. 

Unfortunately, a correct evaluation of 
oneself is extremely difficult. Many of the 
best teachers struggle prodigiously for 
self-improvement; many poor teachers, 
over-controlling and rigid, continue com- 


placently in the same course year after 
year. It has been wisely said that one must 
distinguish twenty years of experience, 
which some teachers have, from one year 
of experience repeated twenty times, 
which other teachers have. Few poor 
teachers show any real awareness of their 
inadequacy; rather, they have countless 
rationalizations to justify themselves. 

4. Two remarks. The reader who is 
familiar with certain sociological critiques 
of the culture of the United States (and 
perhaps especially of New England) may 
have recognized that many of my com- 
ments have been expressed in other lan- 
guage by saying that we have inherited 
a culture which, if it has a major defect, 
suffers chiefly from this: it prevents too 
many things, in the general sense. It is 
itself over-controlling, overly rigid. It 
seeks to mold youth too much, and to let 
it grow too little. Somehow this all adds 
up to an effect of stifling creative expres- 
sion. Mathematics teaching might be said 
to tend to reflect this cultural character- 
istic. It would not be appropriate to con- 
sider the issue on broad _ sociological 
grounds in this article, and I do not mean 
to do so. Right within the needs of the 
creative teaching situation itself we can 
find ample motivation for encouraging 
individuality and not emphasizing routine 
acceptance of externally imposed logic. 

It occurs to me that I have not used the 
word rote in this article—not yet, in any 
event. By rote teaching I mean the presen- 
tation of facts and teehniques which are 
simply to be memorized by the student, 
with perhaps a certain amount of practice 
on some of the techniques. This, I claim, 
is not teaching at all. At least, it is not 
the teaching of mathematics. Mathemat- 
ics is not a tool. It is a way of thinking 
which is creative, flexible, perceptive of 
reality, and based upon certain good judg- 
ment as to what may be eliminated, and 
what must be retained, in the process of 
abstraction. It recognizes objectives, and 
selects strategies. None of this is taught by 
rote presentation. That some teachers will 
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tell me they can achieve high quiz grades 
by rote teaching is irrelevant. They have 
taught all of the inessentials, they have 
tested all of the inessentials, and they 
have found their students well versed in 
all of the inessentials. What has that to 
do with what I have to say? 

5. Summary. But to return to my basic 
theme. Talk about teaching has a tendency 
to be unsatisfactorily vague, and I would 
wish to be as concrete and precise as the 
nonverbal nature of the subject will per- 
mit. My chief remark is that rational 
thought processes are under the influence 
of emotional factors. This is not a slight 
influence. On the contrary, emotional 
factors have a decisiveness which the 
teacher cannot afford to ignore. If one 
looks at a school, the over-all pattern of 
students doing well in courses they like, 
badly in courses they dislike, and so on, 
is the first thing that hits the eye. The 
cumulative effect of this sort of preference, 
over many years, gives rise to what we 
call aptitude for one subject, or lack of 
aptitude for another. (I do not, of course, 
mean to restrict attention to experiences 
within the classroom only, nor even to the 
experiences of school years alone. The 
bases of aptitudes, as the toy-makers have 
lost no time in pointing out, extend far 
back and into experiences of all sorts. The 
teacher is only one influence, but he is 
one.) 

I wish the classroom experience were 
not so intangible. It is a most refractory 
matter for discussion. I should like to give 
an example of some instance where a 
teacher has, in a subtle and nonverbal way, 
exerted an influence toward creative 
thought in students, or, perhaps, an in- 
stance of the opposite sort of thing. As a 
matter of fact, fate has just handed me 
one example, and, inadequate as it is, let 
it do. I just interrupied this article to meet 
a class for the first session of the term. 
One problem was checking students’ 
names against class cards. Now, the 
pronunciation of students’ names is one 
of the less certain and predictable phe- 


nomena of the universe, and the teacher 
is not unlikely to be occasionally in 
error. Just how he handles this situation, 
the extent to which he encourages stu- 
dents to feel free and secure in correcting 
him—after all, here is one case where the 
student is the absolute authority—the 
way he responds when students do criti- 
cize him (and they may not do it gently) 
sets a good deal of the tone of the class, 
for that day at least. Or perhaps I should 
say, this is a very little thing. It is one 
case where the contest between power 
and truth is being fought, in the subtlest 
of ways. The basic principle of psychol- 
ogy, however, seems to be that everything 
is the outcome of the summation of all 
of these little things. They are small 
tokens, but they add up to a potent cur- 
rency. 

In case my meaning is not clear, I might 
add that the mature teacher, who wishes 
the student to learn to stand on his own 
feet, will show a generous ability to accept 
criticism, and will not respond by threat- 
ening the student in any way. Do we want 
the student to think for himself, or don’t 
we? If he is right and we, the teacher, are 
wrong, we cannot ever be too ready to 
admit it. The more willingly we do it, the 
better. 

What can be done in the classroom, to 
improve student performance, is in its 
way as definite and as important as any 
of the phenomena of science and art. 
Unfortunately, it is sadly neglected. I 
cannot say there is anything like the 
optimal amount of freedom, democracy, 
consistent objectivity, and inspiration in 
the average classroom. Too often one 
sees a teacher who insists upon being 
right, who is unreceptive to new ideas, 
who is unperceptive of the subtler needs 
of students, or who lacks the vital interest 
in his subject matter which is necessary 
if he is to inspire his students. The teacher 
is rarely able to evaluate himself ac- 
curately, especially in view of the non- 
verbal nature of the subject; though his 
words be generous and accepting, it mat- 
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ters not—the real question is whether or 
not his manner is threatening. 

The constructive use of atmosphere to 
enhance problem-solving ability is strik- 
ingly akin to the psychoanalyst’s use of 
“conversation’”’ in treating neuroses. In 
either case, one is amazed at how much 
can be done, and by such subtle influences. 
It is to be regretted that the present-day 
acceptance of the psychiatrist’s ‘“conver- 
sational’’ methods as something definite 
and real (and even dramatic) does not 
extend more fully to include the similar 
techniques and problems of the teacher. 


One can hope for the day when a profound 
understanding of emotional dynamics 
will be recognized as an ordinary tool of 
the teacher’s trade, virtually on the same 
level as the ability to speak his or her 
native tongue. The teacher must be alert 
to the needs and attitudes of the student, 
and must be able to modify these atti- 
tudes, or respond to these needs, wherever 
the occasion arises. If the teacher is less 
than this, he is nothing more than a text- 
book, and may strongly influence the 
student away from creativity and toward 
sterile routine. 


Secondary school mathematics teachers are 
encouraged to apply for the $200 fellowships 
which are being made available for 32 teachers 
who will participate in an interesting and un- 
usual ‘‘Research Team”’ conference at San Jose 
State College this coming summer. 

At the conference, mathematics teachers will 
join with science teachers in a two-week session, 
August 12-26, devoted to the mathematics 
phases of the secondary school sciences. 

The “‘mathematics”’ nature of this conference 
is an outgrowth of the ‘““Research Team” confer- 


ence held at Oregon State College under the aus- . 


pices of the Future Scientists of America Foun- 
dation and the Crown-Zellerbach Foundation 
during the summer of 1954. At those meetings, 
science teachers explored research activities and 
noted the vital part that mathematics played in 
scientific procedure. Accordingly, the sponsoring 
agencies looked ahead to a mathematics-science 
program in which the mathematics teachers 
could assist in the interpretation of mathemati- 
cal implications and, at the same time, become 
more aware of the scope and nature of mathe- 
matics needed in science classes. 

Thus, The National Council of Teachers of 
Mathematics is cooperating as the Future Sci- 
entists of America Foundation joins with San 
Jose State College and the Crown-Zellerbach 
Foundation in conducting this program. 

The National Council of Teachers of Mathe- 
matics has endorsed the conference through its 
Board of Directors, and The National Council 
Committee on Cooperation with the Future Sci- 
entists of America Foundation has recommend- 
ed participation by The National Council and 
by individual secondary school mathematics 
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teachers. One of the important new features of 
the conference will be a co-director from the field 
of mathematics. 

Advance publicity for the conference states: 

“Data will be gathered by visiting univer- 
sity, government, and industrial research labo- 
ratories and interviewing chemists, geologists, 
physicists, mathematicians, biologists, and other 
scientists. These visits will allow the participat- 
ing teachers to see the mathematical skills and 
abilities of successful scientists. Work and study 
groups will then extract from these interviews 
the implications that are appropriate for the 
high school scene. In turn, these implications 
will be translated into new high school science- 
mathematics problems and exercises. 

‘Selection of participants will be based upon 
the applicant’s ability to share in the develop- 
ment of stimulating and practical science and 
mathematics exercises for junior and senior high 
school boys and girls. To insure adequate geo- 
graphical distribution, eight teachers will be se- 
lected from each of the states of California, Ore- 
gon, and Washington; and eight from the states 
of Arizona, Idaho, Nevada, and Utah combined. 

“Applications will be accepted any time be- 
fore May 1 from science and mathematics teach- 
ers in grades 7 through 12 in the above states.” 

Application forms may be obtained from the 
Future Scientists of America Foundation, Na- 
tional Science Teachers Association, 1201 Six- 


’ teenth Street N.W., Washington 6, D. C. Ap- 


plicants should have their principals and super- 
intendents forward letters of recommendation, 
touching upon qualifications of the applicants. 
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Uncle Ed juggles with figures 


G. A. GETTY, Penney Farms, Florida. 
Some recreational mathematics which will interest many 
junior high and senior high school students. 


WHEN MY BROTHER Bob and I were in your horizontal lines straight, and keep 
high school, Uncle Ed, my mother’s _ the vertical columns lined up also. Write 
younger brother, was a frequent visitor at for Line 1...” and he went on, slowly, 
our house. Bob and I were always glad to but without hesitation, to dictate the 
see him. He was always full of fun and _ following table of figures. 

would talk to us boys as much as he did 


with the older folks. Moreover he delighted : : 
in puzzles of all kinds, and was constantly 36947012 
springing one on us. It was Uncle Ed who 
4 ‘ 41246582 
awakened our interest in crossword puz- 
63535353 
zles, an interest that stays with us to this 
65824124 
day. One day, when I had been grouch- 
70123694 
ing about mathematics and the testy 
82412465 
martinet who was teacher of that subject 94701236 
in our school, Uncle Ed exclaimed, ‘‘Math- 
ematics? Why Art, that is just about the When he had finished dictating, Uncle 


finest and most useful subject in the whole —_Ed continued speaking, ‘“There you have 
curriculum, and also the most fascinat- what appears to be a_ heterogeneous 
ing.” conglomeration of meaningless figures, but 
He paused for a moment and looked at _—_as seen through my closed eyes, it isn’t 
the ceiling with a far-away expression as that at all, and I think that I can readily 
though he were trying to recall something repeat any or all of the nine lines exactly 
that he had almost forgotten, and then as I have dictated them to you. I might 
said, ‘Each of you boys get a pencil and _ begin with any of them, but suppose we 
a sheet of paper. I’m going to show you a __ start with Line 4.’’ He then repeated that 
little stunt that I call juggling with figures. line just as we had written it down, and 
Perhaps you have seen a professional jug- — continued with lines 3, 2, 1, 5, 6, 9, 8, 7, of 
gler tossing threeor more balls into the air —_— course reading them all correctly. 
at the same time, and keeping them going Before Bob and I had a chance to ex- 
for several minutes. Well, I am going to __ press our surprise at his perfect perform- 
toss you a group of figures, and try todo _ ance, Uncle Ed went on, “Believe it or not, 
a little juggling with them.” boys, it would be just as easy for me to 
When Bob and I had seated ourselves at —_ read those lines backward, as to read them 
the library table, each provided with pen- the way you wrote them down. Perhaps 
cil and paper, Uncle Ed seated himself in __ the best way to demonstrate that would be 
the big easy chair, leaned back, closed his _ to just read the entire table of figures in 
eyes, and said, “I’m going to dictate to _ reverse. I will read each line backward, 
you nine lines of figures—eight digits in from right to left, beginning with the 
each line—seventy-two figures in all. bottom line and going up, line by line, to 
Write them down as I dictate them. Keep __ the top, without any break.” 


Uncle Ed juggles with figures 143 


| 
| 


And Uncle Ed did just that, beginning 
with the final 6 at the end of Line 9, and 
ending with the initial 1 at the beginning 
of Line 1, and without a single mistake. 

Of course Bob and I were astonished. 
Uncle Ed, however, hardly paused to take 
breath. He said, ‘‘Now we will take a look 
at the vertical columns. We will start at 
the left and call that Column Number 1. 
I will read the eight columns in regular 
order and from top to bottom.” And he 
did just that. 

By this time Bob and I were speechless, 
but Uncle Ed went right on, “Now Art, 
mention one of the columns by number, and 
I will read it from the bottom upward.”’ 
I said ‘Column 3,” and Uncle Ed immedi- 
ately called off ‘7, 4, 1, 8, 5, 2, 9, 6, 3.” 
When Bob’s turn came, he named Column 
6. Uncle Ed responded, “2, 4, 6, 1, 3, 5, 
0, 2, 4.” Then Uncle Ed said, “Art, add 
up column 3, and I think you will find the 
sum of the nine digits is 45. And Bob you 
add up column 6, and your answer will be 
27.’’ We added our columns and found the 
answers just as Uncle Ed had said. Then 
Uncle Ed said, “One of you name one of 
the horizontal lines,” and I said “seven.” 
“Add the eight digits in that line, and you 
will get 32 for your answer.’’ We soon veri- 
fied his statement. 

“That about ends my little stunt of 
juggling with that lot of figures,” said 
Uncle Ed, “but there are a number of re- 
markable features about this apparently 
heterogeneous conglomeration of meaning- 
less figures that I want to point out to you. 
You will notice that the last four columns 
are the same as the first four columns but 
inverted. Column 1, read downward, con- 
sists of the digits from 1 to 9 in regular 
order. Column 5, read from the bottom 
upward, consists of the same digits and in 
the same order. If you scan column 3 
closely you will find in it the same nine 
digits, but arranged in different order. 
Column 3 is a perfect progression by 
3’s,—3, 6, 9, 2, 5, 8, 1, 4, 7. You need only 
to remember your multiplication table for 
3 and run down its right-hand column. 


Column 7 read from the bottom upward is 
the same beautiful progression. Inasmuch 
as each of these four columns is composed 
of the same digits, each of them adds up 
to the same sum, 45. 

“The other four columns are composed 
of an entirely different group of figures. 
Column 8 starts with 0, repeats 2 and 4, 
but has no 7, 8, or 9, in it. The digits occur 
in their regular order, or if you prefer to 
look at them that way, in three series of 
three digits each—0, 1, 2; 2, 3, 4; 4, 5, 6. 
Column 4 is identically the same as col- 
umn 8, but in reverse. Column 2 contains 
the same digits, but here the arrangement 
is different, falling into a pattern of three 
progressions by two—first three even 
numbers, 2, 4, 6—then three odd num- 
bers, 1, 3, 5—and last, three even num- 
bers, 0, 2, 4. Column 6 is the same as 
column 2, but inverted. I have never tried 
to memorize these figures, but have clearly 
fixed these patterns in my mind, and the 
figures fall into place automatically. In- 
asmuch as columns 2, 4, 6, and 8 are com- 
posed of the same digits, each adds up to 
the same sum, namely, 27. I may as well 
say now that I asked you to add but one 
of the horizontal lines, because each of the 
nine lines produces the same total—32. 

“T want you boys to note that all that 
I have pointed out to you about the verti- 
cal columns is merely incidental. I did not 
dictate the columns to you. I dictated the 
horizontal lines. In fact, one day when I 
was trying to find some simple method of 
dictating a table of figures that I would be 
able to recall, and finally-evolved a simple 
formula that would do the trick, I gave no 
thought to the columns, and did not dis- 
cover their beauty and symmetry until 
some time later. Now the question that I 
am putting to you boys is this: How did I 
construct those nine lines so that I could 
recall them and read them forward or 
backward, today, tomorrow, or a year 
hence? There they are, on the papers be- 
fore you. If you can discover the key to 
the mystery before I come again, I will 
give each of you fifty cents; if you can 
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give me the figures as I have dictated them 
to you, and repeat them backward, you 
will each get a dollar. I have dictated them 
many times to various groups, and never 
has anyone discovered my modus operandi. 
I hope you boys will find the answer to the 
riddle.”’” He then said goodby, and left. 

About a week later Bob and I returned 
from school one afternoon and found Uncle 
Ed chatting with mother in the library. 
“Hello, Jugglers,” he greeted us. “How 
much do I owe you?” We told him that we 
had spent considerable time and effort to 
solve the puzzle he had given us, but with- 
out suecess. ‘Well that’s just too bad,’’ he 
replied. “We'll have to do something 
about that. Get the papers with figures 
you wrote down last week, and also two 
fresh sheets of paper, and we’ll tackle the 
problem right now.”’ 

When we were ready Uncle Ed re- 
marked, “We will not attack the citadel 
from the front, but approach it from the 
rear, by the path which I first found to 
enter this stronghold. Write down at the 
top of your fresh sheet this simple mathe- 
matical formula, Always multiply the last 
figure named by seven to get the next two 
digits.’’ When we had done so, he added, 
“Now go ahead and write Line one.” 

It took us a few minutes to grasp the 
idea that we were to multiply the ‘‘one”’ 
that Uncle Ed had emphasized slightly, by 
seven, and a few moments more to see that 
the formula called for a zero before the 
resulting 7, but after that we had little 
trouble in multiplying the 7 by 7 to get 49, 
the 9 by 7 to get 63, the 3 by 7 to get 21, 
and in a few minutes we had written down 
the following table of figures: 


Line 1—0 7496321 
2—-14285642 
321074963 
428564214 
5-3 5353535 
6—42142856 
7—49632107 
8—5 6421428 
963210749 


“That table of figures is what I con- 
structed first,” said Uncle Ed, “and I had 
a bit of fun with it from time to time. You 
will notice that you cannot dictate more 
than eight digits in any one line, because 
in doing so you would be merely repeating 
figures already used in that line. For the 
eighth digit is always the same as the line 
number. By the same token, that fact 
affords a sure check that you have made 
no mistake in dictating that line. If the 
eighth digit is anything else than the num- 
ber of the line, you know at once that 
your mental arithmetic is at fault. 

“T used these lines in various ways, 
sometimes the first three or four. Some- 
times I would choose a date such as 1492, 
and use lines 1, 4, 9, 2. Other variations 
will occur to you, as you play with your 
table of figures. 

“Then one day I began to wonder if it 
would be possible for me to read these 
lines backward. I knew the final figure of 
each line, could I reverse the process by 
which the line had been constructed, and 
read it in reverse? How easy it was to do 
so, surprised me. 

“Take Line 1 for example. The eighth 
digit is 1. That 1 is the second digit of a 
multiple of 7, which can be nothing else 
than 21—three times seven. There are the 
last three digits—321. The 3 must be part 
of 63, which is 9 times 7, which gives me 
two more digits, making 96321. The 9 is 
part of 49, 7 times 7, making 7496321. 
And the 7 is the number itself, just 1 times 
7 and calls for a 0 in front of it. 

“So I tried reading the lines backward, 
and after a few efforts found I could do it 
as fluently as I could read them from left 
to right. It was not until some time later 
that I began to wonder what the magic 7 
had done to the vertical columns, and I 
was more amazed than you have been at 
the beauty and symmetry shown there. 

‘Very soon I decided that if I were go- 
ing to read the lines backward at all, it 
would be well to dictate them that way 
first. The first two columns, as you have 
written them down today, are merely the 
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multiplication table for 7, from 1 to 9. 
Anyone with a mathematical mind would 
be apt to recognize that fact, and then 
note the peculiar character of line five, with 
its succession of 35’s and thus presently 
solve the mystery. But with the multiples 
of 7 reversed the secret is rather well hid- 
den, and even a mathematical mind would 
require some time to detect it.” 

For the next ten days Bob and I spent 
some of our spare time working over the 
two tables of figures that Uncle Ed had 


given us, and then one day recited the 
lines forward and backward to him, 
though not yet certain about the vertical 
columns. Uncle Ed was delighted and 
gave us each a dollar. But that was not 
the best part of it. “Juggling with figures” 
had created a keener interest in mental 
arithmetic, and increased our respect for 
the multiplication tables and for the amaz- 
ing qualities of the “Magic 7.” It had also 
demonstrated that it was possible to “have 
fun with figures.” 


A foundation-supported conference 


Continued from page 142 
Other supplementary information and addi- 
tional references are highly desirable. Science- 
related hobbies and special interests, experience 
with sponsorship of student projects, and con- 


tacts you may have had with governmental or 
industrial laboratories should be mentioned.— 
Donald W. Lentz, Chairman, NCTM Committee 
on Cooperation with the Future Scientists of Amer- - 
tca Foundation. 


Have you read? 


Rossxorpr, Myron F. ‘Trends in Content of 
High School Mathematics in the United 
States,” Teachers College Record, vol. 56, 
December 1954, pp. 135-138. 


In the course of a busy day of teaching we 
seldom take time to look where we have been or 
where we are going. In this paper, presented be- 
fore the International Congress of Mathemati- 
cians in Amsterdam last September, Mr. Ross- 
kopf has done just that. Under the mental 
discipline of philosophy, mathematics was in a 
very secure position. However, the impact of 
Dewey’s and Thorndike’s work and industrial- 
ization in the United States greatly affected 
this position of mathematics. The result has 
been more activity in the mathematics class- 
room, and more concern for reasonable applica- 
tions of mathematics. What does such a pro- 
gram do to the content of mathematics? First 
of all, it builds a general dissatisfaction in the 
present mathematics program with its compart- 
mentalization and show-drill instruction. 

The two courses of action possible seem to 
be a reorganization which would integrate the 
present content of high school mathematics or 
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a complete reorganization which would bring 
into high school mathematics the concepts of 
contemporary mathematics. 

Although the article.does not venture to 
predict which path we will follow, you will want 
to read it for the implications found there. 


“Fat Measuring Tool.” The Purdue Agricul- 
turalist, vol. 46, December 1954, p. 3. 


Mathematics and measurement cannot be 
separated. With the use of many different types 
of measuring instruments the concept of quan- 
tity is developed. Those of you who live in the 
corn belt states will certainly want your mathe- 
matics students to read this short article about 
a new instrument measuring the thickness of 
fat and lean on live animals. A simple little 
instrument using the fact of differences in the 
electrical properties of fat and muscle enables 
one to select his kind of bacon on the hoof. It 
is predicted this measuring instrument will do 
for animal husbandry what the Babcock butter- 
fat test did for the dairyman. Your farm boys 
will be much interested.—Puitip Prax, [ndi- 
ana University, Bloomington, Indiana. 
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Stimulating interest 
in junior high school mathematics 


ETHEL HARRIS GRUBBS, Public Schools 

of the District of Columbia, Washington, D. C. 

The author offers many suggestions for maintaining interest 
in mathematics but remember—it is the teacher that counts. 


“A JUNIOR HIGH SCHOOL TEACHER must 
be original to survive.’”’ This was said by 
one of my junior high school teachers of 
mathematics. Perhaps not entirely original 
in idea, the statement is certainly almost 
axiomatic. It is a truth emergent from a 
living experience—and we respect it as 
such. 

The National Council of Teachers of 
Mathematics affords an excellent oppor- 
tunity for the exchange of ideas through 
its annual meetings. Many of the teachers 
under my supervision have, from time to 
time, successfully used many of the ideas 
and materials which had been presented 
by other teachers at the annual meetings 
of the Council. Yet, the “‘original’’ teach- 
er, the “good’’ teacher, must to a large 
degree create a good part of her own 
methods: and materials. To maintain and 
extend the interest of the junior high 
school students—the most difficult of all 
school age groups—has been the main ob- 
jective of many of my teachers. A few 
inventive plans which have worked with 
some of the mathematics teachers of 
Washington, D. C., make our contribution 
_ to the general exchange of ideas. These 
plans have been chosen upon the basis of 
unusual teaching method, teaching pro- 
cedure, or outcome. I have selected only 
those ideas which I have not seen pre- 
sented at meetings of the Council. 

My illustrations are taken from our 
work in the following categories: 


1. Community problems in arithmetic 
(a specific instance: taxation) 

2. Informal geometry and measurement 

3. Motivation for the occupational 

group 

4. Fundamental operations and skills 

5. Motivation through real problems 

6. Algebra and numerical trigonometry 

A teacher once told me that her pupils 
had more interest in the topic of taxation 
than she had. The District of Columbia, 
as you know, is the disenfranchised area 
of the United States. The ballot is avails 
able to the District resident only if he 
maintains voting residence in one of the 
states. Since he is taxed similar to citizens 
in the states (but without representation), 
the situation has become a major issue 
with many of the District people. In spite 
of this, many teachers do have a natural 
enthusiasm for teaching taxation. 

My first illustration concerns the work 
of a class studying taxation. The unit of 
taxation usually follows the study of 
budgets. The students progress from the 
study of individual budgets through fami- 
ly budgets to municipal and federal 
government plans for spending income. 

When I first visited this class I observed 
that the pupils were arranged in rows ac- 
cording to lot number and block number 
similar to the actual system of designating 
real estate lots in the District of Columbia. 
Some seats represented residences, while 
other seats represented apartment build- 
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ings, hotels, and stores. A large chart had 
been drawn by the students showing the 
various departments of the city govern- 
ment, as fire department, police depart- 
ment, public schools, courts, health de- 
partment, libraries, public welfare, recrea- 
tion, and the like. Pupils had consulted 
the telephone book for lists of all depart- 
ments. Three students acted as the three 
commissioners. Some of the other students 
acted as heads of the respective depart- 
ments, some acted as assessors, and one 
was the tax collector. They made use of 
current newspaper clippings. The District 
budget was, in actuality, being discussed 
at the time. The “department heads” 
made out their budgets and turned them 
in to the “commissioners” for approval. 
The “assessors’”’ made a trip to the 
District Building where they took a look 
at the plat books. They had a long inter- 
view with one of the District commis- 
sioners who took time to explain to them 
the work of the assessors in the study of 
land evaluation for every foot of ground in 
the District of Columbia. The students 
returned and reported to a highly inter- 
ested class. They made out tax slips for 
each member of the class according to his 
holdings. Payments were made to the 
student tax collector by checks made out 
in class. I believe that this class developed 
a genuine appreciation for the necessity 
of taxation. 

While real estate taxation is only one 
source of tax income, I am of the opinion 
that with the approach through the study 
of real estate taxes the foundation is laid 
for an appreciation of income, sales, and 
other kinds of taxes. 

During the year that sales taxes were 
first levied in the District of Columbia, 
another class, studying taxation, debated 
whether sales taxes are direct or indirect 
taxes. After an argumentative and inter- 
esting discussion the class designated one 
of its members to write to the United 
States Treasury Department. His com- 
mission was to state the problem and ask 
for a decision. A deputy commissioner of 
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internal revenue wrote a page and a half 
in reply, explaining fully why sales tax 
is considered an indirect tax. I shall quote 
a part of that letter: 

“In the field of tax law the question as 
to whether a tax is direct or indirect 
generally arises in determining whether 
it is in conflict with Article I, Section 9 
of the Constitution of the United States 
which prohibits the Congress from levying 
a direct tax unless it is apportioned among 
the States according to the population. 
A direct tax has been defined by the Courts 
as including a capitation or poll tax and 
also as a tax imposed upon property by 
reason of its ownership. A tax on real 
estate for example, is a direct tax. 

‘Sales taxes, commonly referred to as 
excises, are indirect taxes as they are not 
imposed upon property as such but upon 
the transaction of selling property. This 
is true whether the tax is payable by the 
seller or purchaser... . ”’ 

The pupils enjoyed their contact with 
the revenue authorities. Whenever such 
activity can be arranged, it is usually an 
added incentive for studying the topic. 


A teacher is reasonably sure to get the 
attention and interest of all pupils in the 
class during the study of measurement if 
the teacher has for demonstration purposes 
at least one attention-getting object. If 
that object is the personal property of one 
of the class, interest is “sure-fire.’’ For 
instance, in a class which was studying the 
relationship between circumference and 
diameter of a circle, one of the boys 
proudly brought for the demonstration 
his shining new bicycle. Another boy 
brought his drum. Other students felt the 
responsibility for bringing in round objects 
in order that they might better participate 
in the study of measurement of circles. 
A delightful photograph of the class was 
taken revealing the intense interest of the 
participants. 

Similarly a teacher brought a real elec- 
tric meter to class when the group was 
studying how to read meters. The real 
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meter supplemented the diagrams which 


the teacher had on the blackboard and 
gave real meaning to a life situation. 


Seventh-grade youngsters just begin- 
ning the study of informal geometry were 
moved to great enthusiasm by making a 
collection of buttons and earrings which 
they mounted on a large chart and classi- 
fied as to straight lines, curves, circles, 
combinations of straight lines and curves, 
and various solids. Interest grew as the 
hunt began, for the pupils had no idea, 
at first, that they would find so many 
different shapes in buttons. A girl, in 
making a poster on geometric figures, 
knitted the figures of different shapes and 
placed them on a cardboard, which made a 
very attractive poster. In still another 
class, a group of boys made a small quilt, 
sewing together sections made of hexagons, 
squares, rectangles, triangles, and other 


figures. 


Perhaps the idea of the construction of 
a model house by a class studying informal 
geometry and scale drawing is not new, 
but I shall describe this activity because 
the outgrowth of the project revealed a 
genuine interest in and appreciation for 
mathematics which persisted long after 
the completion of this particular class 
project. 

A rather progressive and aggressive class 
enjoyed additional assignments and crea- 
tive work. They began the construction 
of a model house, thus utilizing their 
knowledge of geometry and scale drawing. 
Since the topic of scale drawing came near 
the end of the semester, and because of 
some unforeseen interruptions, the semes- 
ter came to a close before the project was 
finished. The teacher promised the pupils 
that she would permit them to complete 
the project the following year. Fortunate- 
ly, the teacher taught the same pupils 
the next term. 

In order not to interfere with the regular 
work of the new grade, the pupils and 
teacher took extra time during afternoon 


periods to work on their house. The 
“builders” made an extraordinary pic- 
ture—stretched out upon the newspaper- 
covered classroom floor, besieged by paste, 
geometrical models, and measuring in- 
struments. Each section of the construc- 
tion was taken care of by a particular 
team. Woe betide the team whose section 
did not measure up to requirements! 
After a hilarious two weeks the house 
was completed—and a triumph of archi- 
tecture it was. 

At the end of the following year this 
class was among the candidates for gradu- 
ation. Muriel, one of the members, was 
not among the first three honor candidates 
for graduation, and, therefore, would not 
ordinarily have an opportunity to give 
a graduation address. However, she begged 
so hard for a chance to give a graduation 
speech, that, in view of her good scholar- 
ship and her excellence in dramatics, she 
was promised a hearing if she developed 
well an excellent idea. Muriel went to her 
mathematics teacher with this plan: using 
as concrete material the house the class 
had built, she would create a sketch and 
eall it “Building My Life at Terrell.” 
Muriel supplied all the facts, while the 
teacher prepared descriptive blank verse. 
Other members of the class contributed 
through the construction of additional 
visual materials, for they knew that Muriel 
was representing them. Muriel’s gradua- 
tion speech was a great success. She pre- 
pared and arranged figures in the shape of 
a tower. This visual aid made a lasting 
impression on the minds of the audience. 


Several years ago considerable attention 
was given by school officers and teachers 
to the classification and instruction of 
that group of pupils in each junior high 
school called an “occupational group.” 
The definition of a child for placement in 
an occupational class as given by our first 
assistant superintendent at a meeting of 
the Board of Junior High School Princi- 
pals was: “‘A child who gives evidence of 
not being successful in academic work or 
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becoming a skilled mechanic. That means 
that he does not show evidence of possible 
success as a tradesman or skilled worker 
in academic pursuit, but that he does give 
evidence of some ability to obtain infor- 
mation with regard to occupations that 
might lead toward future work for him 
and good citizenship.”’ Criteria for identi- 
fication of occupational class pupils in- 
cluded mental measurements, chronologi- 
cal age, achievement scores, teachers’ judg- 
ments, unsatisfactory progress in school 
work. In general, the I.Q. range was 
from 70 to 79. Teachers were selected 
from the regular faculties on the basis of 
their sympathetic understanding of and 
appreciation for the problems of the chil- 
dren. The heads of departments, in co- 
operation with the principals, organized 
curricula adjusted to the abilities and 
levels of achievement of the pupils placed 
in these classes. 

In one school 18 girls in an occupational 
group somehow learned of their classifica- 
tion which they bitterly resented. They 
were determined to be unco-operative in 
spite of the teacher’s efforts to assure them 
they held an enviable position because of 
their small class. It became necessary for 
the teacher to use a great many tech- 
niques and devices in order to capture their 
interest. Geometry of form was taught 
through the construction of ‘‘touches of 
white” for the neck. Pictures of collars and 
jabots were brought into class. A diagram 
of one of the pictures was placed on the 
blackboard each day. There were discus- 
sions of the shapes used in making the 
jabots and collars, samples of materials 
that might be used, and suggestions as 
to how they might be made attractive. 
The members of the class decided that 
they would like to make two articles in 
the mathematics class. They used white 
paper and planned to ask the domestic 
art teacher to allow them to reproduce 
the paper models in cloth later if they 
turned out well. Through their construc- 
tion work the pupils learned the properties 
of the following geometric figures: the 
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square, rectangle, circle, semi-circle, and 
the quadrant. They learned to use and 
understand the relationships of radius, 
diameter, and circumference. They found 
it necessary to use horizontal, vertical, and 
oblique lines. The perimeters of the 
square and rectangle were studied when 
the border designs were made for the 
square and rectangular collars. Pupils 
learned to use the ruler and compass. 
They learned about fractional parts 
through their use of the fractional parts of 
the inch. A few students found it neces- 
sary to develop skill in cutting before they 
could work on their project. When the 
“touches of white’? were completed, the 
pupils were very happy to be allowed to 
bring members of other classes into the 
room to see the work on display. After 
this, the teacher had no difficulty in main- 
taining their interest. 


Drill can be dull and often is. We often 
wonder why, after many years of teaching 
fundamental operations, some of our best 
pupils do not measure up to standards. 
We all know that one of the criteria for 
effective drill is interest. 

A mathematical baseball game which 
differs in some respects from real base- 
ball, was devised by a teacher as an in- 
novation to get and maintain interest in 
drill work in connection with various 
computational skills. The game includes 
two teams with eight or more pupils on 
each team. Players are usually selected 
by the pupils. Material used may be any 
sort of combinations which may be an- 
swered quickly, such as: Add 7, 6, 9; com- 
bine 13—5+2; +7x—92; 80% of 35; ete. 
The game begins with easy combinations 
and gets more difficult. A space in the 
classroom is planned to correspond with 
a baseball diamond. The pupils take their 
respective places on the diamond. The 
first baseman and the catcher on each team 
must be the strongest, i.e., the quickest 
and most apt members of the team. The 
pitcher must be clever at picking the right 
combinations for certain batters. When the 
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pitcher throws (gives) a combination to 
the batter, and the batter does not give 
the correct answer before the first base- 
man, he is out. Pupils simply move 
around to bases until it is time to come 
into “home.’”’ Then the pitcher throws 
another combination to the man on third 
base. If he is quicker than the catcher, he 
may come into “home,” if not, he is out. 
A scoreboard is used. This game has also 
been used successfully in interclass com- 
petition, on assembly programs, and at 
the end of any unit. Pupils work hard 
during the study of a unit in order to be 
prepared for the game which is to follow. 


Interest aroused by real problems is 
one of the best forms of motivation. 

I should like to tell you something 
about the work of a teacher with a group 
of ninth-grade students who would ordi- 
narily have been taking general business 
and commercial arithmetic. The project 
took the place of both of these courses. 
Commercial arithmetic and general busi- 
ness courses do not come within the pur- 
view of the mathematics department in 
our school system, but I cite this example 
for two reasons: First, the teacher chosen 
for the project was one of the teachers in 
the mathematics department, and second, 
although I am not enthusiastic about 
incidental learning of mathematics 
through projects, when the project is in 
the hands of a good mathematics teacher 
who recognizes the mathematical implica- 
tions inherent in such a situation, the 
activity then offers an excellent oppor- 
tunity for the acquisition of mathematical 
knowledge in an orderly manner.! 

All activities of this group grew out of 
actual problems of the school cafeteria. 
Each pupil worked on a specific problem 
and each was responsible for all records 
pertaining to a particular company with 
which the cafeteria did business. A few 


1 Information about this group of students was 
published in an article in the December 1949 issue of 
the Balance Sheet, under the title, ‘‘An Experience in 
Pupil-Teacher Planning,” by Gwendolyn Holland. 


of the activities involving mathematics 
were: Checking and recording daily in- 
voices, preparation of vouchers for filing, 
determining selling prices, evaluating 
monthly invoices, analysis of Workmen’s 
Compensation insurance, wise buying— 
as for example, whether it was more 
economical to buy No. 1 or No. 2 cans of 
a product; assisting cafeteria workers in 
the preparation of their personal income 
tax returns; preparing graphs of all types 
showing changes and comparisons. In 
assisting with the analysis of profit and 
loss statements, students spent long, inter- 
esting periods computing percentages. 
Their frequent use of all types of per- 
centage problems resulted in their ability 
to attack any percentage problem with 
complete ease and understanding. 


For motivation of the motion problems 
in algebra, particularly those involving 
wind and water currents, and for illus- 
trating the fact that a plane flying with 
the wind has a rate of r+y and against 
the wind a rate of z—y where zx equals 
the rate of the plane and y equals the rate 
of the wind, a toy plane was suspended by 
a cord and a wind created by a fan. 
This illustrated the fact that the wind 
gave the plane an additional rate when it 
was traveling in the same direction with 
the wind. A toy boat was placed in a large 
bread pan into which water flowed creat- 
ing a current. The effect of trying to go 
against the wind or water was experienced 
when the pupils tried to push the plane 
toward the wind with one finger or to push 
the boat upstream with one finger. 


To stimulate interest in a review of 
factoring and special products, one teacher 
likened her pupils to detectives who must 
first find the clues (recognize the vases in 
the example). Then they must use the 
clues to solve the particular situation ac- 
cording to accepted methods. 


I am sure that almost every teacher of 
algebra who has taught for any length of 
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time has at some time had one or more 
pupils construct transits and other home- 
made measuring instruments in order to 
arouse interest in numerical trigonometry. 
Also many teachers have their pupils, 
who have a flair for drawing, illustrate 
their problems by drawings. About three 
years ago, one of our teachers varied her 
techniques by suggesting that each one of 
the class should construct something dur- 
ing the semester which would illustrate 
the impressions that his problem work had 
made upon him, each construction to be 
accompanied by a related problem and 
its solution. Some students illustrated 
work problems, using toy figures to repre- 
sent people and materials appropriate to 
the work indicated by the problem, as 
toy brooms, picks, shovels, coal, mounds 
of dirt with indentations to represent 
ditches, etc. Some illustrated problems of 
the lever by constructing teeter boards, 
placing toy people on the ends. Other 
types were illustrated. One outstanding 
construction was made by a boy who be- 
fore that time had been barely getting his 
work and had not shown any interest. His 
illustration of a problem involving numeri- 
cal trigonometry turned out to be the most 
painstakingly and thoughtfully con- 
structed. His model consisted of a large 
board with a section painted blue to indi- 
cate the ocean, a toy boat on the water, 
and at one corner he built a lighthouse of 
plaster of paris with glass panels at the 
tip to enclose the observation tower. He 
wired the lighthouse for electricity and 
placed in the tower a tiny electric light 
bulb that actually worked. While working 
so enthusiastically on his project, this 


boy became more interested in the regular 
work of the class. 


In conclusion, it should be kept in 
mind that in using any idea for stimulat- 
ing interest the personality of the teacher 
plays the most important part in the 
achievement of a desirable rapport be- 
tween the teacher and pupils in the class- 
room. Creativeness combined with a 
sense of humor, and a deep abiding faith 
in the ultimate worth of each individual 
are indispensable ‘musts.’ 

Speaking of humor and rapport, I 
should like to tell this anecdote concerning 
one of my teachers. Once each term she 
designates a day as “Teach the Teacher 
Day.”’ She encourages pupils to give criti- 
cisms concerning her teaching methods 
and procedures in order that she might 
study the criticisms and probably find 
some suggestions which will help her plan 
for the next term. The criticisms are not 
to be signed by the pupils, and indeed 
she suggests that maybe some of the pupils 
might not like to write but would prefer 
to tell their impressions by drawing. Here 
is what one boy wrote: “You are hard on 
the children and that is the way it should 
be. I do not like home work on Mondays 
because we skip class the next day and 
forget about it. Picture over.’’ On the back 
of the sheet he had drawn a cartoon of 
a teacher wearing eyeglasses and a long 
robe, hands folded together in front, wings 
attached to her back, a halo over her head, 
and caricatures of imps before her. Across 
the top of the page he had printed: “IT’S 
JUST LIKE AN ANGEL TEACHING 
A BUNCH OF DEVILS.” 


“The most difficult thing for a teacher is to recollect how much it cost him to learn, and to ac- 
commodate his instruction to the apprehension of the uninformed.’’—Thomas Young, Natural Phi- 


losopher by Alex Wood, Cambridge University Press, 1954. 
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@ HISTORICALLY SPEAKING,— 


Edited by Phillip S. Jones, University of Michigan, Ann Arbor, Michigan 


Tangible arithmetic IV: finger reckoning 
and other devices 


The finger symbols shown in our Figure 
1 were once used to communicate at inter- 
national fairs and as an aid in remember- 
ing numbers when using »hacus. This 
picture is from Philippi Calancri’s Arith- 
metice published in Florence 1. 1518. The 
first edition of this book is an incunabulum 
which means that it was printed during 
the “cradle” days of printing, which are 
taken to be its first fifty years, 1450-1499. 
The first edition was printed in 1491, but 
finger symbols existed in Greece as early 
as the fifth century B.c. and it has been 
stated that some also existed in China as 
early as the time of Confucius (551-478 
B.c.).! Smith notes that finger symbols 
even appear in art and literature. For ex- 
ample, he cites a passage from Juvenal 


= 


1D. E. Smith, History of Mathematics, Vol. II 
(Boston: Ginn and Co.), p. 197. Chapter III, pages 
156-207, titled ‘“‘mechanical aids to computation” 
discusses many tangible computing devices. 


by Phillip S. Jones 


who said “Happy is he who. . . numbers 
his years upon his right hand,” referring to 
the fact that the numbers less than one 
hundred were on the left hand and greater 
than one hundred on the right.” 

There were even devices for using 
fingers to operate with numbers as well as 
to record them. For example, a device for 
multiplying integers between 5 and 9 was 
to hold up fingers on one hand to show by 
how much the multiplier exceeded 5 and 
on the other hand to show similarly the 
amount by which the multiplicand ex- 
ceeded 5. The product of the original num- 
bers was the number whose tens digit was 
given by the sum of the fingers held up and 
whose units digit was the product of the 
fingers turned down on the two hands. 
For example 7X9 would lead to 2 and 4 
fingers up and 3 and | fingers down. This 
would give the product 63. For this process 
one needed to know the multiplication 
tables only up to 5X5. The explanation 
of this device is enrichment material for 
algebra as well as for arithmetic since it 
hinges on the identity 


ab = 10[(a—5)+(b—5) 
+[(10—-a)(10—b) J. 

Other devices for recording numbers 
which should be included in an exhibit, dis- 
play, report, or assembly program on 
tangible arithmetic are the quipu® used . 


? Smith, loc. cit. 
* Smith, op. cit., p. 195. 
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by Peruvian natives before the time of the 
Spanish conquerors, and tally sticks‘ used 
in medieval England. Encyclopedias will 
give some help on these items as well as the 
references cited in the notes. 

Among computing devices the abacus 
is so well known that we will only mention 
it here with a few references, and the 
counting board has been so recently dis- 


4Smith, op. cit., p. 192. Vera Sanford, “Art of 
Reckoning: I. Tallies,” Toe MarHematics TEACHER, 
Vol. XLIII (October 1950), p. 292. 

5 Smith, op. cit., pp. 156-192. Vera Sanford and 
Yen Yi-Yun, Chinese Abacus” Tue Marue- 
matics Teacuer, Vol. XLIII (December 1950), p. 


* 402 ff. T. Kojima, The Japanese Abacus, Its Use and 


Theory (Rutland, Vt: 1954). Jerry Adler, “So You 
Think You Can Count!’’ Mathematics Magazine, Vol. 
28 (Nov.—Dec. 1954), pp. 83-86. 
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cussed in this journal® that we will only 
add Figures 2 and 3 to the earlier data. 
Figure 2 is the title page of a German 
book on ‘Rechnenpfenigen”’ by J. Kébel 
published in 1514. It shows a merchant at 
his counting board with the lines drawn or 
cut into it. Note the title which reads “A 
new kind of little reckoning book (telling 
of reckoning) on lines with reckoning 
pennies.’’ These ‘pennies’? were often 
little stones from whose Latin name, 
“calculi,” we get our words “calculate” 
and “calculus” just as our word “‘counter”’ 
for a table or bench in a store comes from 
the medieval merchant’s counting board. 

Figure 3 shows an explanation of the 
multiplication of 1542 X365 on a counting 
board from the most famous early English 
arithmetic. This is Robert Recorde’s 
The Grounde of Arts first published about 
1542. Our picture is from the 1654 edition 
and shows one of the many interesting 
features of Recorde’s works; namely, they 
were written in the form of a dialogue 
between the ‘‘Master” and his “Student.”’ 
The arithmetics we have pictured display 
three significant common and related char- 
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6 Smith, op. cit., p. 181. Vera Sanford, ‘“‘Counters; 
Computing If You Can Count to Five,”’ Taz Matue- 
MATICS TEACHER, Vol. XLIII (Nov. 1950), p. 368. 
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acteristics: their period, the late fifteenth 
and early sixteenth century; their use of 
the common or “vulgar” languages rather 
than Latin, the scholarly international 
language; and their concern with the com- 
putations of commerce. 

Figures 4 and 5 relate,to two other 
well-known and recently discussed com- 
puting devices, Gunter’s scale and the 
slide rule.? Figure 4 shows the scale as it 
appeared in the sixth (1698) edition of 
William Leybourn’s The Line of Proportion 
or Numbers, Commonly Called Gunters 
Line, Made Easie. . . . Although Edmund 
Gunter was an Englishman, he published 
his first discussion of his scale in French 


7 Phillip Jones, ‘‘The Oldest American Slide Rule,”’ 
Tue Maruematics Teacu™er, Vol. XLVI (Nov. 1953), 
p. 501. Florian Cajori, ‘‘On the History of Gunter’s 
Scale and the Slide Rule During the Seventeenth 
Century,” University of California Publications in 
Mathematics, Vol. 1 (Feb. 17, 1920), pp. 187-209. 
Smith, op. cit. 


in Paris in 1624. The first discussion of the 
straight slide rule, which would seem the 
natural next step after Gunter’s scale, was 
published by William Oughtred in 1633. 

However, the first slide rule invented 
was a circular rule described by Richard 
Delamain in 1630. Oughtred, Delamain’s 
teacher at one time, claimed to have in- 
vented a circular rule earlier, but he did 
not publish a description of it until 1632. 
Our Figure 5 is a picture of this rule from 
the 1660 edition of his book, The Circles 
of Proportion. 


( 
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Calandri’s Arithmetic: 

The book from which our Figure 1 
came is such a fascinating little work that 
we include a few more pictures from it. 
Figure 6 is its title page. This illustrates 
a false notion of that day, that Pythagoras 
introduced the Hindu-Arabic numerals 
and their arithmetic into Europe. The 
square form of the multiplication table was 
also often called the table of Pythag- 
oras. Actually, the Greek ‘‘arithmetica”’ 
which owes much of its origins to the 
early Pythagoreans was the beginnings 
of what today we call number theory. 
‘“‘Arithmetica”’ neither used Hindu numer- 
als nor concerned itself with “logistica,”’ 
the Greek counterpart of modern elemen- 
tary arithmetic. 

Figures 7 and 8 show some of the 
illustrated pages from Calandri. These 
are of interest not only because Calandri’s 
was the first printed Italian arithmetic 


Figure 7 


The nomogram*® is a recently developed 
computing chart which uses logarithmic 
scales and could well be included in a 
tangible arithmetic project. Frenchman 
Maurice d’Ocagne began its modern phase 
in 1891. 

Computing machines are so in the public 
eye and press today that it is not neces- 
sary to do more than mention them in 
this connection. Clippings, pictures, 
demonstrations of desk calculators and an 
outline of their historical development® 
would be part of a “tangible arithmetic” 
project. 


8 Florian Cajori, A History of Mathematics (New 
York: Macmillan, 1919), p. 481. Douglas . Adams, 
“The Preparation and Use of Nomographic Charts in 
High School Mathematics,”’ ZHighteenth Yearbook, 
National Council of Teachers of Mathematics, pp. 
164-181. 

* Smith, op. cit., p. 202. Phillip S. Jones, “The 
Binary System,” THe Matuematics TEeacHEer, Vol. 
XLVI (Dee. 1953), p. 575. Philip and Emily Morrison, 
“The Strange Life of Babbage,’’ Scientific American, 
Vol. 186 (April 1952), pp. 66-73. 
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with illustrations accompanying the prob- 
lems, but also because the problems them- 
selves are so similar to current ones that 
one can figure them out from the pictures, 
the numbers, and a few hints. Try them 
on some of your students. Figure 7 shows 
a serpent who each day climbs 1/7 “brac- 
chia” (a unit of measure) out of a well 
only to slip back 1/9 bracchia. If the well 
is 50 bracchia deep how long does it take 
him to climb out? 

The other picture in Figure 7 asks how 
long does it take to fill a trough or tub 
if water enters at a rate such that it 
would be full in 4 days if it weren’t leaking 
at a rate which would empty it in 11 days? 

Figure 8 asks at what height above the 
ground the 50 bracchia tree should be 
cut in order that its tip should touch the 


bank of the river at a distance of 30 brac- 
chia as shown. Clearly this involves the 
Pythagorean theorem, but one might 
challenge students to set up algebraic 
expressions which would explain the proc- 
ess by which Calandri arrived at the cor- 
rect answer, 16. 

Also to be found in this book are “work 
problems,” a lion, leopard, and wolf who 
eat at different rates, and ants who travel 
toward each other at different rates. 
Problems on the altitude of an equilateral 
triangle and circumference and area of a 
circle are also included in this book which 
was the first to give our modern form of 
long division and to omit the old “galley” 
type of division.'° 


10D, E. Smith, Rara Arithmetica (Boston: Ginn 
and Co., 1908), p. 47 ff. 


Have you read? 


Satyers, Gary D. “The Number System of 
the Mayas.” Mathematics Magazine, Vol. 
28, September—October 1954, pp. 44-48. 


Usually one thinks of the development of 
our number system as being wholly a product of 
the far east. However, Mr. Salyers’ article 
points out that the western hemisphere may 
have contributed a great deal to our present 
concepts. The Mayan civilization was highly 
advanced and had a number system with a 
base of 20. Their symbols were meaningful with 
.=1, ..=2, ...=3, ....=4, —=5, + =6, 
etc., adding lines and dots to 19. Above this 
they used vertical place value rather than hori- 
zontal; for example, 21=:, 23=.:.. Zero was 
not a part of the system until about 500 a.p. 
and it seems to have been discovered inde- 
pendent of the Hindus. Therefore, it was neces- 
sary to write 20 as*., showing that the bottom 
space was blank. In other numbers a space was 
left; for example, 7202=.°. with two spaces 
between top and bottom row. 7202 shows an 
interesting variation in that the third place 
was 360 rather than 400. Just why this was 
true is unknown, but since the number system 
and the calendar were closely allied it was 
probably due to the solar year. 

The Mayas had lucky numbers, 9 and 13. 
They also used pictures with the skull repre- 


senting 10. There were many other variations; 
but you will want to read this as well as recom- 
mend it to your students, not only for its interest 
but also for the light it sheds on number systems 
as such. 


Hits, E. Justin. “Alligation—Its Meaning 
and Use.’’ Mathematics Magazine, Novem- 
ber-December 1953, pp. 85-89. 


All of you occasionally find yourselves teach- 
ing mixture problems. Only rarely do you use a 
problem in which a complex combination of 
elements is included. This article provides an 
excellent source of information for the better 
student in your class who wants to go beyond 
the simple linear system solution. Alligation, 
the Rule of Mixture, is of two types—that of 
medial or the mean value, and the alternate. It 
is the latter that Mr. Hills discusses. He pre- 
sents three alternate procedures which are not 
new but seldom appear in print today. The 
three are: first, “percents differences,” second, 
“plus and minus differences,” and the third, 
the “link’’ method. This latter method is adapt- 
able to many mixture situations where the 
equation method does not apply. I am sure 
your better students will enjoy this when study- 
ing mixture problems.—Paiuip Peak, Indiana 
University, Bloomington, Indiana. 
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Edited by Paul C. Clifford, State Teachers College, Montclair, New Jersey, 
and Adrian Struyk, Clifton High School, Clifton, New Jersey 


An integraph 


by George Kays, State Teachers College, Montclair, New Jersey 


Finding an area enclosed by an irregular 
boundary is a problem that is quite often 
difficult or tedious when solved by the 
routine formal methods of the integral 
calculus. The device discussed here is a 
simplification of a type of instrument 
used to solve problems in integral calculus. 
Figure 1 illustrates such a problem, that 
of finding the area enclosed by the z-axis, 
the lines =a, x=b, and the curve of the 
(unknown) function y=F’(z). 

If the function F(x), an integral func- 
tion of F’(x), can be identified (or 
graphed), the measure of the required 
area would be F(b)—F(a). F(x) is, of 
course, any function which is continuous 
in the interval considered and has the 
slope of its graph numerically equal to 
the ordinate of F’(x) for each value of x 
in that interval. 

As an example consider the graph of 
the function shown in Figure 2. Note that 


= F(x) 


a 


Figure 1 
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the value of this F’(x) is 1 for x=0, and 
thus the slope of F(x) is 1 for x=0. The 
curve of F(x) can then be approximated 
near «=0 by any one of the lines with 
slope 1 drawn through the points P, Q, 
R, S. Similarly, the value of F’(1) is 2, 
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and the curve of F(x) can be approximated 
by any of the lines with slope 2. Continu- 
ing, the graph is further approximated by 
the lines with slope 1 and slope } in the 
vicinity of and x=3 respectively. 

If one of the functions F(x) were actual- 
ly known, as shown by the dotted curve, 
then the area beneath F’(z) from x=0 to 
x=3 could be found by F(3) —F(0). Since 
this is not known, the broken line through 
Q (or P, or R, ete.) may be used in place of 
the curve. Using intervals of 3 unit, } unit, 
etc., will increase the accuracy of the ap- 
proximation to desired precision. 


F(x) 
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At this point the reader is urged to 
construct the device described at the end 
of this article. 

In Figure 3 a curve F’(x) is shown. 
The curve is an ellipse, and the area of the 
quadrant is 37, or about 1.57 square 
inches. To approximate this area place the 
integraph so that AX aligns with the 
x-axis, XY with the y-axis, and the ruling 
edge of AB passes through the intersection 
of F’(x) and XY. Using the parallel ruler 
CD construct a line, say PQ, which will 
approximate F(x) for the first interval. 
Next place the integraph so that the line 
AX remains on the +-axis, XY is aligned 
with the line = 3, AB passes through the 
intersection of F’(x) and the line x=}. 
From Q the approximation to F(z) is 
extended through the second interval to R 
by means of the parallel ruler CD. Con- 
tinue the construction of PQR... until 
a sequence of connected straight line seg- 
ments has been drawn to represent the 
curve of F(x). To find the area beneath 
F'(x) find the value of F(2)—F(0). 

Other problems that might be of inter- 
est to the reader are illustrated in Figures 


4, 5, 6. 
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Figure 7 


What’s new? 


DIRECTIONS FOR ASSEMBLING THE 
INTEGRAPH 


Trace the pattern, including labels, 
transferring it to light cardboard or O’Tag. 
Punch the holes, marked O. Use an eyelet 
set and eyelets to assemble the parts. Each 
joint is made by placing all of the same 
letters at one joint, the higher numbered 
parts being above the lower. For instance, 
joint A is made by fastening the ends of 
parts I, II, and V which are marked with 
an A. Part II is above Part I, Part V is 
above both of the others. The eyelets 
should be carefully set since, if they are 
set too tightly, there will be no motion. 

Note: For some problems an additional 
parallel ruler may be added above CD for 
greater mobility and flexibility. 

Proof: If the integraph is placed on the 
graph as directed in the discussion, then 
it is obvious that the pointer AB (and 
therefore CD) has slope F’(x)/1, or F’(x) 
(see Fig. 7). 


BOOKLETS 


It Takes More Than Brains, The Connecticut 
Mutual Life Insurance Company, Hartford, 
Connecticut. Illustrated booklet dealing with 
college expenses; 22 pp.; free. 

Mathematics, College Entrance Examination 
Board, Educational Testing Service, P. O. 
Box 592, Princeton, New Jersey, or P. O. 
Box 27896, Los Angeles 27, California. Book- 
let describing the College Board tests in in- 
termediate and advanced mathematics; 28 
pp.; 50¢ each. 


DEVICES 


Perimeter Area Board (#763), Ideal School Sup- 
ply Company, 8326 Birkhoff Avenue, Chi- 


cago 20, Illinois. Cork-faced board, 10” X20’, 
with 20 large pins, 6 rubber bands, and one 
20” measuring tape; 8-page instruction man- 
ual included; $2.50. 

Spinner Fraction Pie Game (N248), Creative 
Playthings, Inc., 5 University Place, New 
York 3, New York, or 316 North Michigan 
Avenue, Chicago 1, Illinois. Game composed 
of wooden spinner, 6 rubber pies cut into 
fractional parts; $2.95. 


FILM 


Story of Weights and Measures, Coronet Films, 
Coronet Building, Chicago 1, Illinois. 16 mm. 
film; 11 min.; collaborator, Foster E. Gross- 
nickle; B & W, $55.00; Color, $110.00. 
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® MATHEMATICS IN THE JUNIOR HIGH SCHOOL 


Textbook series and learning theory 


Do textbook series in arithmetic develop 
the mathematical concepts and skills in 
accordance with current learning theory? 
This is an important question for the 
junior high school mathematics teacher. 
The answer determines the extent to 
which the teacher may rely on the text- 
book for guidance in the learning sequence. 
Since, for many students, mathematics 
instruction ceases at ninth grade, mathe- 
matical strands considered by teachers and 
textbook writers to be important must be 
brought to a culminating point by that 
time. 

Attention to a systematic learning se- 
quence is one aspect of meaningful teach- 
ing in mathematics. Granted that there is 
not complete consensus among psychol- 
ogists and educators as to how children 
learn; yet widespread agreement can be 
found on several principles from the 
psychology of learning. This agreement 
is recognized by Brueckner and Gross- 
nickle,! for example, when they list, under 
the heading ‘Principles of Learning,” 
thirteen statements which they suggest as 
a summary of learning hypotheses. Other 
authors? propose similar lists, which in- 
clude such statements as: Readiness is a 
factor in learning; learning proceeds from 


1 Brueckner, L. J., and Grossnickle, F. E., Making 
Arithmetic Meaningful (Philadelphia: J. C. Winston 
Co., 1953), pp. 123-124. 

2 For example, see Spencer, P. L., and Brydegaard, 
M., Building Mathematical Concepts in the Elementary 
School (New York: Holt & Co., 1952), pp. 25-36. 


Edited by Lucien B. Kinney, Stanford University, and 
Dan T. Dawson, Stanford University, Stanford, California 


by G. W. Brown, Los Angeles State College, Los Angeles, California 
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the familiar to the new; learning is the 
result of experience; and learning is de- 
velopmental. These principles form the 
basis for many accepted methods of 
teaching in today’s schools. 

It is possible then by referring to these 
generally accepted principles of learning 
to devise a pattern or sequence which con- 
stitutes an efficient guide in teaching 
mathematics. 

That such a systematic learning pattern 
is valid in arithmetic instruction is sug- 
gested by the authors of The Fiftieth 
Yearbook of the National Society for the 
Study of Education, when they precede 
their series of learning steps in arithmetic 
by saying: ‘Learning number consists in 
an orderly series of experiences which 
begins with concrete objects and pro- 
gresses toward abstractions. There are 
different stages, levels, or steps which 
may be identified in the learning process 
in arithmetic.’’* The “flow chart’ (on the 
next page) described by Kinney and Pur- 
dy serves as a well-known example of such 
a pattern. 

Arithmetic textbooks generally develop 
specific ideas over short periods in a man- 
ner consistent with current learning 
theory. The patterns of presentation (such 
as the flow chart), however, have impli- 


3 “The Teaching of Arithmetic,’’ The Fiftieth Year- 
book of the National Society for the Study of Education, 
Part II (Chicago: Univ. of Chicago Press, 1951), 
p. 156. 
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DEVELOPMENT OF A MATHEMATICAL CONCEPT OR PROCESS 


Order of experiences 


1. Pupil, equipped with certain concepts, skills, 
and interests 


2. is confronted with a significant situation re- 
quiring the use of a new concept or process 
which he is ready to improvise, 


* 3. which concepts or processes are then utilized 


in other and different significant problem sit- 
uations, 


4. until his confidence in and need for the con- 
cept or process justifies its study, as to nature 
and value, 


5. acquiring skill and accuracy in its manipula- 
tion, 


6. and then exploring and utilizing its life appli- 
cations, to discover their identifying charac- 
teristics. 


cations for development of concepts over 
a period of several school years as well as 
for shorter periods. It is this long-range 
treatment of concepts that requires closer 
attention. 

Consider, as an example, the develop- 
ment of formulas. As early as grade three 
or four, a formula such as C=3n can be 
introduced in connection with buying 
stamps at the post office. The formula 
concept, or strand, needs to be handled 
thereafter in a manner which the psy- 
chologists typify as ‘progressive symbol- 
ization.” In other words, the experience 
with formulas over a period of several 
years begins with using formulas inci- 
dentally, to assist in obtaining answers 
to a significant question or problem. This 
process corresponds to the second step of 
the flow chart, the first step—the readi- 
ness step—having been handled prior to 
the presentation of this significant ques- 
tion. 

During the course of the following years, 
the use of formulas is extended to many 
and varied significant situations ranging 
from areas to interest to recipes, thus illus- 


The teacher’s responsibility 


To study each pupil and determine his readiness 
for new experiences and concepts. 


To arouse interest in a problem situation, impor- 
tant to the pupil, and direct his efforts in devis- 
ing methods to master it. 


To provide a variety of interesting and impor- 
tant situations having the process, or concept as 
a common element, with focus of attention on 
the situation. 


To shift attention to the concept or process, 
studying its nature, relation to the number sys- 
tem, and importance. 


To be sure that understanding precedes drill, 
and that drill is handled effectively. 


To provide real life experiences which call for the 
use of the concept or process, rather than de- 
pending on chance “transfer of training.’’ 


trating the third step in the flow chart 
and setting the stage for the fourth. 
This fourth step is reached at approxi- 
mately the ninth grade. Here pupils are 
ready for, and are given an opportunity 
to focus on, the formula as a mathematical 
concept. This focus requires an organiza- 
tion of the meanings connected with for- 
mulas, generalizing as to mathematical 
operations involved with formulas and 
practice in their manipulation and use. 
This practice represents the fifth step in 
the flow chart. As a final step, then, prac- 
tice is provided in identifying situations 
in which formulas are appropriate. A wide 
range of applications is required, varying 
in areas and in degrees of difficulty, to in- 
sure adequate transfer to life situations. 
Do textbook series consistently handle 
mathematical processes as strands in this 
manner? Several popularly used series 
of textbooks were examined for grades 
seven, eight, and nine to determine how 
some of the strands were developed during 


4 Kinney, Lucien B., and Purdy, C. R., Teaching 
Mathematics in the Secondary School (New York: Rine- 
hart & Co., Inc., 1952), p 54. 
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the junior high school period. The strands 
were divided into three categories: (1) 
Measurement—which included such things 
as volume, weight, and circle; (2) Hxpres- 
sion of ideas—which included graphs, 
formulas, tables, percentage, mumber 
meanings; and (3) Fields of application— 
which included the home, business, im- 
mediate age interests, conservation, etc. 

The treatment was very uneven. It 
appeared that several topics, notably 
graphs and formulas, were brought to a 
point of culmination during the junior 
high school years, which to some extent 
was consistent with current learning 
theory. On the other hand, different 
means of expressing ideas, such as tables, 
maps, and scale drawings, were very 
inadequately handled from this point of 
view. Percentage, as a topic, is studied in 
all three years. However, there was little 
indication of a co-ordinated progression 
from a concrete level in earlier grades to an 
abstract presentation in the ninth grade. 
This is not to say that ninth-grade prob- 
lems were not more difficult than the 
seventh-grade problems. In many cases, 
however, the principal difference in the 
presentation for the three grades was the 
social setting of the units. 

In the measurement category, linear, 
area, and volume measurement were dwelt 
upon at length at all three grade levels, 
whereas liquid and dry measure, time 
measures, and circular measure received 
little attention. In none of them was the 
.. orderly series of experience which 
begins with concrete objects and pro- 
gresses toward abstraction’’—which is ad- 
vocated by the National Society for the 
Study of Education’s Fiftieth Yearbook’— 
clearly in evidence. 


+ “The Teaching of Arithmetic,” op. cit. 


Why is this of special concern to the 
mathematics teacher in the junior high 
school? Actually, the teacher is directly 
concerned. The mathematics program in 
the junior high school has the unique func- 
tion of abstraction and symbolization. 
Few, if any, new processes are introduced 
at this level; and whereas the emphasis 
now is typically on applications, that 
emphasis might be more effective ac- 
cording to current learning theory if 
shifted to the abstraction and symboliza- 
tion of the mathematics strands. The ab- 
stractions, as a final activity, should be 
largely those of identifying the kind of sit- 
uation to which the process applies. Since 
the situations themselves will change, the 
emphasis here is on the kind of situa- 
tion. 

A second concern of the teacher is that 
if the textbook does not adequately treat 
the strand, then.the teacher must. For 
teachers this means engaging in consider- 
ably more longitudinal planning than is 
usually done. Further, it will require 
leadership on the part of teachers, heads 
of departments and supervisors to initiate 
this planning and to carry it to comple- 
tion. 

Growing out of this longitudinal plan- 
ning could very well be the desperately 
needed type of research which represents 
a third concern of the junior high teacher. 
Research is needed to reveal stages of 
abstraction appropriate for the various 
grade levels and experiences suitable to 
each stage. This is the type of research 
to which classroom teachers, utilizing 
proper evaluation programs, can con- 
tribute by planning, building, and testing 
units which provide for experiences at 
various levels of abstraction and degrees 
of symbolization. 
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Some reflections on the 
printing of mathematics 


This department, for a variety of rea- 
sons, has always been deeply interested 
in the making of mathematical books. It 
was with more than a little delight, there- 
fore, that we came upon a fascinating 
book! devoted to the art of printing mathe- 
matics. Until about a quarter of a century 
ago, the great bulk of mathematical com- 
position was set by hand. Since then, the 
prolific volume of contemporary writing 
and an ever-increasing scientific and 
mathematical reading public have com- 
pelled the printing trade to utilize the 
resources of the machine and of the ma- 
chine compositor for the exacting demands 
of mathematical printing. And so, with 
the reader’s indulgence, and with the kind 
permission of the Oxford University Press, 
let us look at a few illuminating excerpt: 
from this timely monograph. 

First, some general observations: 

The production of a piece of printed mathemat- 
ics requires for its successful completion the co- 
operation of three parties—the writer, the print- 
er, and the reader. Because of the abstract na- 
ture of mathematical thought and of its essen- 
tial use of symbolism, the writer has always a 
difficult task in carrying over his meaning to the 
reader quickly and without uncertainty. The 
printer, as a middleman, has the double duty of 
catching the writer’s meaning and of passing it 
on unimpaired to the reader. 

The setting of mathematics is a rare and ex- 
pensive skill not readily acquired, and existing 
facilities often have difficulty in keeping pace 
with the rapidly growing output of mathemati- 
cal writing. For this reason there may be a long 
and vexatious delay between the writing and the 
publication of a mathematical work. 


1 The Printing of Mathematics, T. W. Chaundy, 
P. R. Barrett, and Charles Batey (New York: Oxford 
University Press, 1954), 105 pp. 
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A greater and more abiding anxiety is that 
of the steeply rising costs of mathematical print- 
ing. Learned bodies charged with the main- 
tenance of mathematical periodicals are faced 
with difficult economic problems: are they to 
raise prices at each increase of costs or must they 
steadily cut down their acceptance of material? 
Similar questions confront the publishers of 
mathematical books. 


A few points of interest to the mathe- 
matical writer: 


It is a sobering experience for an author to con- 
template the chain of processes that he sets in 
motion when he sends a manuscript for publica- 
tion. 


Authors should be more aware of the 
nature of composed type: 


The basis of composition, and especially of me- 
chanical composition, is the formation of lines 
of type of uniform depth. The printer, like the 
determinist in the philosophical limerick, is 


“A creature that moves 
In determinate grooves: 
In fact not a bus but a tram.” 


In fact, in “Monotype,” with its precise units of 
type-width as well as the point units of body- 
depth, we can regard composition as if it were 
set out on graph paper. On the other hand the 
mathematician’s pen is free to roam, enlarging 
or compressing his script, filling blank space 
with symbols, constructing marvels of formulae 
—even, perhaps, ringing a character or inserting 
one character within another in a way that can- 
not easily be directly imitated with metal type. 


One of the many problems involved in 
the printing of mathematics is the use of 
characters which can be set by “linear 
workings”’ (laterally) on a machine versus 
those which are set vertically as pieces 
of type inserted by hand. We read: 

It is essential to mathematical notation to be 
able to show association of symbols by symbols 
suitably “embellished”: thus with z we can as- 
sociate x’, 2, Here again lateral additions 
as in xv’, x, are much to be preferred to vertical 


additions as in #, ¢. The prime and the suffix are 
put in directly from the keyboard. . . . Vertical 
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additions, on the other hand, must be inserted 
on assembly as pieces of type that must be sup- 
ported. ... The author who is accustomed to 
produce the text of his work on a typewriter, 
afterwards inserting symbols and formulae with 
the pen, will be aware of the care and delicacy 
needed to avoid errors and omissions at this sec- 
ond stage. 


Nor are the concerns and convenience 

of the reader overlooked in this stimulating 
monograph: 
. .. the author therefore has the obligation to see 
not only that the presentation of his mathemat- 
ics is complete and impeccable but that his 
prose is terse and unambiguous and his symbol- 
ism well-planned and such as to strike the eye 
effectively. Those authors are at an advantage 
who can visualize how their formulae are likely 
to appear on the printed page. 


One concluding excerpt concerning pos- 
sible future trends may also be of interest: 

At this time there is strong advocacy to dis- 
place the printing of mathematics by photo- 
graphic methods applied to typescript or manu- 
script. There is no doubt a place for them in 
(say) the duplication of lecture notes or in repro- 
ducing a doctorate thesis in extenso. But it is dif- 
ficult to believe that these processes can ever 
satisfy the present demands of mathematicians 
for the rich arabesques of symbolism they are 
driven to employ. If increasing complexity of 
mathematical notation sends up costs so much 
that publishers are driven more and more to 
photographic methods, the prospect for mathe- 
maticians is bleak. To help postpone this day is 
one of the purposes of this book. 


Mathematics for 
pleasure with profit... 


My readers need hardly be reminded of 
the universal and ageless interest mani- 
fested in mathematical recreations. Scarce- 
ly a few months go by without the appear- 
ance of another book in this area. Yet 
styles change, even here. Within a hundred 
yards or so from my study there stands a 
historic house, nearly three hundred years 
old. What kind of books were written in 
those far-off days, when the art of printing 
from movable type was still a comparative 
novelty? Before me lies a book printed in 
England some thirty years later—in 1694, 
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to be exact—and written by one William 
Leybourn. 

Unlike modern books on mathematical 
pastimes and puzzles, the tracts of those 
days devoted a great deal of space to so- 
called recreations in the physical sciences 
—notably chemistry, natural philosophy, 
mechanics, astronomy and horology. Our 
friend William Leybourn was no exception. 
To convey the flavor and nostalgia of a 
work two or three centuries distant in a 
few brief pages seems well nigh impossible; 
but I shall attempt it, nevertheless, by 
giving two excerpts: (1) some of his ob- 
servations on the nature of recreations, 
and (2) a piece taken from his “Statical’”’ 
recreations. 

To the INGENIOUS READERS: 
and principally 
To such as are 
MATHEMATICALLY Inclined. 
RECREATION, (saith a late Learned Divine) 
is a second CREATION, when Weariness hath 
almost annihilated our Spirits: It is the breath- 


ing of the Soul, which would otherwise be stifled 
with continual Business . . 


He then continues: 


As Recreations and Ezercises (whether of Body 
or Mind) are various: So one Dish of Meat may 
as well please all Palates; as one Recreation suit 
all Dispositions: And (as I have said elsewhere 
upon the like occasion), That, although some 
Corporeal Exercises may to some Bodies tend 
more to Health, and some Mental Labours more 
to Wealth; yet none affords the Mind more 
pleasure with less repentance, than those of the 
Mathematicks do. 


Our mentor then discourses briefly upon 
“a few corporeal exercises,’ including 
bell-ringing; fishing with the angle; hunt- 
ing; fowling; running, leaping, dancing and 
walking (excellent when used in the morn- 
ing); swimming; and bowling. In connec- 
tion with bowling, he remarks: 


It teaches Mens Hands and Eyes Mathemati- 
cal Proportion:—And (for a Home-Diversion) 
the Play at the Billiard Table hath not its Peer: 
It exercises the whole Body moderately; the 
strength of the Arm judiciously: It directs the 
Hand Geometrically, and the Eye Optically: For 
the attaining to be an Exquisite Proficient in 
playing at it, depends wholly upon putting in 
practice that Aziome of Euclid in his Catop- 
tignes; which demonstrates, that, The Angles of 
Incidence and Reflection are ever more equal. 
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With an even briefer nod to the more 
‘theroical” corporeal exercises fit only for 
the recreations of princes, such as horse- 
manship, tilting, tournamenting, throwing 
the bar, wrestling, etc., he proceeds thus: 


... But leaving those of the Body, I shall pro- 
ceed to such Recreations as adorn the Mind; of 
which those of the Mathematicks are inferior to 
none. Now the Ezcellency of any Science (says 
the Philosopher) may be judged of, (1.) by the 
Excellency of the Object: And (2.) by the Cer- 
tainty of its Demonstrations. First, for the Ob- 
ject; It is no less than the whole World: Not only 
of the Terrestrial, but the Coelestial part thereof 
also. ... Secondly, For the Demonstrations of 
these Sciences, they are as infallible as 7ruth it 
self: And for this reason also doth it exceed all 
other Knowledge which depend upon Conjec- 
tures and Uncertainty. ... And thus let what I 
have already said concerning the EFzcellency, 
Utility and Benefit of these Mathematical Aris 
suffice. 


Hom is it, that 2 Man fitting in 4 Chair, his Back to the back of the Chair, 
and bis Legs by the fore frame of the Chair upon the Ground, cannet rife off 
the Chair except he bend bis Body forward, or pus bis Legs backwards, 

N the Pofture of Sitting, our on Bape 
to make a Right Angle with our Thi they ¢ 

with our Backs: As in the Figure. A #F 
Whercin, Let A B reprefent the Back ; BC the . 

Thighs ; and CD the Legs. It is now cvident, ? 

That a Man cannot rife from this Pofture, unlefs, ¥, 

cither the Back AB, do firft incline untoF, to make “A ‘i 

an acute Angle with the Thighs BC; orelfethac B mb 

the Legs CD, docneline towards E, which may al- 0 

laftly, unlefS both of them do decline to the Points / 

G and H, where they may be i in the fame — ; 

Tor the refolution of which, Philolophers give H Dp 
eA Rig Angle fay they) is a kind of Equality, and thar being 
1. sa 

2 Beauh, when cither of the Parts are into an acute An- 
the Head being removed over the Feet, or under the Head, i 


ftanding, wherein all thefe Parts are in one flreight Perpendicular Line, 
peor he the other of Right Angles, in which Back and Legs are 
two Parallels; or that of curming thele Right Angles into Obtule, whic 
would not make an ercét Pofturc, but declining rather. 

Thefe are the Philofophical Reafons ; the Geometrical may be thefe. 
— BC to be a Leaver, towards the middle of which is the place 
of the Fulciment, Prop or Centcr, A B as the Weight, and CD, the Pow- 

Now the being fituare in this Re@angu'ar Form, the Wei 
AB be augmented proportionably co its 
Cearer, which is about the middle of the Thighs; whereas, if we fuppole 
either the Weight to be inclined unto F, or th: Power CD to E, or both 
of chem to G and H, chen there is nothing to be lifted up but the bare 
Weighe it telf, which in this firwation is not at all inercafed with any 
Addition by diflance 


Albert Einstein: 
man and legend 
It is doubtful whether the work of any 


other single man has made so profound an 
impact on the life of the twentieth century 
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as that of Albert Einstein. He has become 


‘a legend during his own lifetime. The 


literature concerning the man and his 
work is already extensive, two very read- 
able and worthwhile additions having 
appeared late last year.” 

Ideas and Opinions represents an at- 
tempt to gather together, between the 
covers of one book, the most significant 
of Albert Einstein’s general writings. Up 
to this time there have been published 
three major collections of articles, 
speeches, statements and letters by Ein- 
stein: The World As I See It, translated 
by Alan Harris (1934); Out of My Later 
Years (1950), which contains material from 
1934 to 1950; and Mein Weltbild, edited 
by Carl Seelig, published in Switzerland 
(1953), containing some new material not 
included in either of the other two vol- 
umes. According to the publisher, Ideas 
and Opinions contains the most important 
items from these three books, together 
with a few selections from other publica- 
tions and some new articles that have 
never before been published in book form. 

A rather extensive collection of more 
than 120 items, it is divided into five parts. 
The first section includes ideas and 
opinions about life in general, about free- 
dom, about religion, about education, and 
about some of his friends. Section IT deals 
with politics, government, war and peace, 
and pacificism ; Section III, some observa- 
tions on the Jewish people; Section IV, 
five brief pieces on Germany. Section V 
contains nearly two dozen excerpts dealing 
with science. In the opinion of this de- 
partment, eminently worth reading are: 
“What Is the Theory of Relativity?’’; 
“Geometry and Experience’; ‘“Maxwell’s 
Influence on the Evolution of the Idea 
of Physical Reality’’; “On the Method of 
Theoretical Physics’’; “Physics and Real- 


2 Ideas and Opinions, Albert Einstein, translated 
by Sonja Bargmann (New York: Crown Publishers, 
1954), 377 pp. 

The Drama of Albert Einstein, Antonina Vallentin, 
translated by Moura Budberg (Garden City: Double- 
day & Company, 1954), 312 pp. 
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ity’; Fundamentals of Theoretical 
Physics.” 

The Drama of Albert Einstein is a 
modest but distinguished biography—an 
intimate portrait of a truly great man. It is 
a wonderfully warm and human story, 
written with keen insight and deep affec- 
tion. Not only is the personal side of a 
dramatic career graciously unfolded; the 
inexorable events that ushered in the 
atomic age are also told in crisp moving 
words. Thus: 


On August 12, 1939, Albert Einstein wrote a let- 
ter. Its address: The President, White House, 
Washington. Its contents were simple: 


“The results of the research recently pursued by 
E. Fermi and L. Szilard, submitted to me in 
manuscript, have revealed that we may in the 
immediate future expect to find the element 
uranium capable of being transformed into a 
new and considerable source of energy. This new 
phenomenon may also lead to the construction 
of excessively powerful bombs. A single bomb of 
this type, transported by ship and allowed to ex- 
plode in a port, could destroy the whole port and 
the surrounding territory.” 
A. Einstein 

The atomic age was born. 


We were particularly impressed with the 
genuine understanding shown of the spir- 


itual side of the man. For example: 


Einstein’s principal source of energy, which 
allows him to defy the deterioration of his body, 
is the feeling of this mission that he has still to 
accomplish. ... 

The universe of Albert Einstein is governed 
in the twilight of his life by this moral obliga- 
tion. He submits to a force which he sometimes 
calls “reason displayed in life,’’ which in its more 
intimate depths is inaccessible to man. More and 
more often he calls it God. Not the personal and 
revengeful god of his ancestors, but the God of 
the supreme order of nature, who leaves nothing 
to chance. It is God who has given him the faith 
that made him persevere in his research, alone, 
and attacked even by those who were closest to 
him in thought. 

Posterity will judge whether the years of in- 
cessant effort, of defeats overcome, of patient 
and obstinate reconstruction, were in vain; it 
will judge whether the theory of the unified field 
represents the triumph of human spirit over the 
chaos of the universe. This triumph would be a 
triumph of faith, a faith which across spiritual 
victories and defeats will remain with him while 
he is alive. One day in a conversation Einstein 
summed it up in a sentence that made a great 
impression on his questioners, for it seemed to be 
a beacon capable of guiding searchers through 
the anguish of their exploration of the universe, 
through their battle for truth. This sentence ex- 
presses also the meaning of Einstein’s struggle 
against man’s folly and for the survival of hu- 
manity. It is now engraved over the mantlepiece 
of a room in Fine Hall at Princeton: “God is 
subtle but he is not malicious.” 


Words! Words! Words! 


A variable! What is it? Is it something that 
changes and slithers around under the cover of 
an X or under the cover of a mental haze brought 
about by too much emphasis on the mechanics 
of algebra? 

Often secondary pupils are told that a varia- 
ble is something that changes; like temperature 
and the weather. They are led to recall experi- 
ences with temperature (or something similar) 
and then told that temperature is a variable, and 
the letter d in the formula c =7d is also a varia- 
ble, since it may represent any number. Nothing 
could give the pupil a more erroneous idea of the 
way the term variable is used in mathematics. 
The temperature experience is not a suitable ex- 
perience in this instance since it does not fit the 
way mathematics uses the term variable. 

A variable is essentially an arbitrary mem- 
ber of a set of numbers, and this arbitrary mem- 
ber is symbolized by a letter of the alphabet, 
usually z, y or z. Hence, if the pupil is to get the 
idea of what the teacher has in mind when the 
word variable is used, it is necessary to introduce 
the concept of a set of numbers. For example, if 
one were to write down the set of numbers one of 


which might represent the attendance for the 
day in a specific algebra class on March 30, 
1955, the set would consist of the numbers 
0, 1, 2, 3, 4,-+-+, 30, 31, 32, 33, 34, where 34 
is the number of pupils enrolled in the class. 
Now, if some computation is to be made in- 
volving the number of minutes spent working 
on algebra on March 30, it is desirable to agree 
that X is to represent any one of the above 
set of numbers and proceed with whatever 
algebraic expression the problem situation re- 
quires. Note that, as of March 15, 1955, the 
letter X is a symbol which represents an arbi- 
trary member of a specific set of numbers; 
namely the actual attendance on March 30. 
The letter X does not slither around; it is a 
symbol representing ANY member of the set. 
If we are to teach algebra meaningfully, 
the time must come when teachers will fit the 
experience to the idea; as yet this has not 
happened in too many classrooms. In this 
instance it cannot happen unless the concept of 
a set of numbers is given considerable atten- 
tion. 
—RHenry Van Engen 
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Reviews and evaluations 


Edited by Richard D. Crumley, University of South Carolina, Columbia, 
South Carolina, and Roderick C. McLennan, Arlington Heights 


BOOKS 


The Slide Rule, J. N. Arnold, Prentice-Hall, Inc., 
New York, 1954. Cloth, 206 pp., Library of 
Congress No. 54-11640. 


This book gives a very thorough treatment 
of the slide rule. The first 85 pages may be used 
with ninth-grade pupils. There is very little ma- 
terial that cannot be mastered by superior high 
school pupils. The text will also be of great value 
to pupils in engineering schools, and for people 
who wish to learn how to use the slide rule with- 
out the help of a teacher. 

The text gives a good treatment of the “‘cor- 
rection number’ method for locating the deci- 
mal point. This is by far the best method for 
treating this all-important phase of slide rule 
computation. 

The last 50 pages are devoted to applications 
of the slide rule to business, finance, statistics, 
chemistry, physics, and engineering. 

It is unfortunate that only two pages are de- 
voted to computation with approximate data. 
The slide rule is the most important instrument 
for computation with approximate data and is 
best understood when this most important topic 
has been thoroughly mastered.—Carl N. Shus- 
ter, Trenton, New Jersey 


Algebra Book 2, C. A. Smith, W. Fred Totten, 
and Harl R. Douglass, Evanston, Illinois, 
Row, Peterson and Company, 1954. Cloth, 
vi+502 pp., $2.72. 


It is certainly difficult to judge a book for 
someone else’s use. Type and arrangement of ex- 
ercises, number of pictures, order of topics, and 
similar considerations may depend upon the per- 
sonal teaching habits of the user; but there are 
still certain principles which can be sought and 
agreed upon in any book. The book now being 
reviewed does not completely satisfy any one of 
the following principles, although there are 
many good features, A textbook 

(1) should contain no mathematical mis- 
takes. 

(2) should use helpful and clear definitions 
among all the correct ones available. 

(3) should appeal to pupils; that is, should 
motivate learning. 

(4) should tell WHY mathematics works the 
way it does, as well as HOW it works. 

(5) should have concern for logical organi- 
zation and structure of the presentation. 


High School, Arlington Heights, Illinois 


(6) should apply the mathematical proce- 
dures to practical and real situations. (This does 
not mean that some artificial applications may 
not be allowed, if they are recognized and point- 
ed out.) 

These six statements must not be taken as a 
definition of all that a good textbook needs to 
be. They are merely the headings under which 
criticisms of the present book are organized. 

Mathematics: The mathematical mistakes 
here discussed will be collected under six head- 
ings: numbers, signs, radicals, factors, equations, 
and graphs. 

There is a constant confusion between the 
meanings of quantity and number (pp. 42, 52, 
54, 120, 121).1 In treating significant figures the 
expression “Jess than one half unit’’ (p. 213) is 
incorrect since 12.4 is correct to the nearest .05 
of a unit. The rules for adding approximate fig- 
ures will lead to wrong answers (pp. 215, 216) 
except in the specially cooked-up examples used 
in the book. Logarithms (p. 265) are not clarified 
by saying that they are computed “by methods 
such as those illustrated’’—they are’ not!— 
nor is a serious student instructed by telling 
him that a “small percentage” of all num- 
bers can be written as an integral power of 10. 
Finally, although most encounters with infinity 
are well handled, once (p. 288) we are told that 
the “value of z approaches infinity.”’ 

In general the signs + and — are well ex- 
plained, but there is some confusion (p. 5) be- 
tween the use of + and — as operations, as in- 
dications of direction, and as inverses. In syn- 
thetic division (p. 33) the rule should not say ‘‘a 
with its sign changed.” 

Radicals are known to be full of traps for 
both student and teacher. We are told (p. 35) 
that “any number has two square roots” at a 
time when this statement is false; negative num- 
bers have been introduced, but not imaginary 
numbers. The rule {/z" =z (p. 227) is not true if 
n is even and x< 0, and, although correct at the 
place where it is given, is not corrected later 
when imaginary numbers are introduced. The 
same can be said for the rule ¥/z-Wy =W/zy 
(p. 228). Another statement is made (p. 35) 
which is wrong as it is stated: /16z? =42. What 
about the value of x = —3, which is not exclud- 
ed? The justification (p. 240) for being able to 
say 5\/6=4/150 is completely fallacious since 


1 Numbers in parentheses will mean pages in the 
textbook which illustrate the remark. 
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the second expression really does not have any 
more significant figures than the first, although 
it may superficially seem to have. 

The definition of factor (p. 7) is insufficient to 
cover example 11 on page 13, since prime factor 
is not yet introduced. When the concept of 
prime number is introduced (p. 80) 5 is not prime 
by either the definition on page 71 or the defini- 
tion on page 7, since 5 = (2)(§) or5=/5 V5. To 
add to the confusion, we must be able to call 
these expressions “factors” if we are permitted 
the definition of square root used on page 35. In 
giving rules (pp. 69, 75) for (a+b)? and (a—b)? 
we find actual contradictions; it is not clear 
whether the second term of (x—y) is y or —y. 
The distributive law (p. 8) is so obviously con- 
nected with monomial factors that it is disap- 
pointing (p. 17) to see a false explanation of this 
type of factoring using the “apple theory.” 

The subject of equations falls down in a few 
places. It looks as though (p. 133) “linear’’ is 
considered equivalent to ‘one variable increases 
as the other variable increases.”’ In the discus- 
sion of variation (p. 141), ‘d varies directly as 
r’’ is equated to “when r increases, d increases, 
and when r decreases, d decreases’’ which is cor- 
rect; but then it goes on to equate these to “d is 
directly proportional to r’’ which is wrong. In 
another place (p. 142) the expressions ‘varies 
inversely”’ and “is inversely proportional to” are 
considered synonymous. It is often improper to 
carp at the use of the word “‘transpose,”’ but the 
statement ‘‘we transpose —28” in the equation 
z*—3x —28 =0 (p. 348) causes confusion. Some 
who use the word will feel we “transpose” 28. 
Far along in the book (p. 379) we are told ‘‘we 
begin study of quadratic equations in two un- 
knowns”; yet the graphs of y =az*+bzr+c have 
already been extensively studied. 

Turning our attention to graphs we might 
want to discuss rather than proclaim (p. 133) 
that “‘the graph is the most complete way of ex- 
pressing the functional relationship’’; since few 
graphs can be shown completely on a finite piece 
of paper, why is the equation not “‘the most com- 
plete” way, if that expression is necessary? It is 
quite incorrect to say (p. 160) that the procedure 
for justifying equations of lines parallel to the 
y-axis is similar to that for those parallel to the 
z-axis, especially when the latter have been ex- 
plained in terms of slope. One of the craziest mis- 
takes is the explanation (p. 274) that linear inter- 
polation is possible with logarithms because “as 
the graph is extended it becomes almost a straight 
line.’”’ Is it not misleading (p. 334) to say that a 
parabola is the graph of an equation in one un- 
known? 

Of course it is difficult to state mathematical 
facts with complete accuracy in a short space, 
but it is not fair to introduce mathematical mis- 
takes, for the intuition of the learner will be con- 
fused even if he accepts the authority of the 
printed statement. 

Definitions: Sometimes definitions, while not 
really incorrect, are not as helpful as they could 
be. Some definitions in this book will be criti- 


cized under these four categories: (1) The word 
is not defined or explained before it is used, or 
the meaning is changed without warning, (2) An 
explanation seems to suggest a definition which 
is misleading, (3) The choice of definition shows 
poor judgment, or (4) Words are defined which 
had better be omitted since they are now old- 
fashioned, not used, and therefore probably de- 


‘ fined through habit rather than need. 


The word “term” is used (p. 11), but it is 
neither described nor defined. Negative defini- 
tions such as “An expression which is not in- 
tegral is fractional’? (p. 140) are valid only if 
the larger class, expression, has already been de- 
fined. We have already commented on the con- 
fusion over the meaning of “factor,” but its 
meaning is changed (p. 251) and the new one 
never clearly stated. For example, why should 
we say that a+b=(Va+vb) (Va—-vb), why 
not a+b=(Va+vb) (Watwb) Wa—v/b) or 
even more factors? Finally, the whole subject of 
“circular permutations” is poorly introduced 
(p. 447); the words are never explained or de- 
fined, and the text and diagrams leave things 
completely vague. 

In introducing rectangular coordinates (p. 
149) the words “right angle” are not used. The 
word “indicates” is a weasel word which is in- 
definite enough not to be incorrect, but its very 
indefiniteness leaves it open to misinterpreta- 
tion; for example, ‘‘A fraction indicates the di- 
vision of one number by another” (p. 94) and 
“The degree of an equation indicates the num- 
ber of its roots’ (p. 88). Are these definitions, 
theorems, coincidences or what? A similar con- 
fusion is found with ‘‘Ratio is a comparison by 
division”’ (p. 120) and it is even set off as though 
this were a definition for “ratio.” Dictionaries 
were not intended to have only mathematical 
application and their statements are seldom help- 
ful in mathematics classes; for example, in dis- 
cussing formulas what good does it do to say 
that “The dictionary gives ‘action’ as one mean- 
ing of function. How is the value of d an ‘ac- 
tion’ of r’”’ in d=5r (p. 139)? 

Sometimes the definitions merely show poor 
judgment. Equations should not be called “‘si- 
multaneous” only when they have a root (p. 
169); why not call such equations consistent, 
and let ‘simultaneous’ cover any equations 
which are considered simultaneously, even if 
they are inconsistent or dependent. The distinc- 
tions attempted between dependent and inde- 
pendent variables (pp. 52, 131) are not at all 
helpful to a beginner; the real distinction is not 
one of necessity but one of choice. Further, it is 
misleading to say (p. 131) that in the formula 
d=rt there is no constant; how do you know? 
Later (p. 147) the same formula is used with r 
a constant! Also, it is unfortunate to define 
polynomial (p. 12) as having more than one 
term; a monomial is a special case of a polyno- 
mial just as a binomial, etc. 

Some words and symbols should have been 
discarded as no longer needed in algebra. Here 
are some examples: vinculum (p. 23); simple 


Reviews and evaluations 171 


| 
| 
| 
| 
| 
| | 
| 


equation (p. 43); LCD in addition to LCM (pp. 
82, 102); 2:3: :6:9, extremes, means, terms (of a 
proportion), fourth proportional (p. 122); ab- 
scissa, ordinate (p. 149); surd (p. 226); and, 
above all, conjugate binomial] quadratic surd 
(p. 237). 

Motivation: The procedure of the textbook 
seems to be completely mechanical, and the at- 
titude excludes inductive approaches; first give 
the rule, and then apply it. Teachers may not 
teach that way, even with this book, but judg- 
ing the book itself (since some teachers do fol- 
low a book closely), the spirit of the book must 
be attacked in this review. 

The solving of verbal problems is certainly 
mechanical (pp. 54, 59) since rules and “table 
methods” are indicated. The solution of simul- 
taneous equations (p. 171) gives no indication of 
WHY the process developed, but just gives 
rules. The same is true of the introduction to 
scientific notation (p. 217) and to the process of 
finding square root (p. 224). The ‘foil’? method 
of multiplying binomials (pp. 68, 236) shows a 
concern for mnemonics rather than thought. 

An inductive approach to “functional 
changes” rather than an unmotivated “princi- 
ple” (p. 135), would be better. The introduction 
to imaginary numbers (p. 247) would help no 
student who did not know the subject before he 
approached the book; and the graphing of imagi- 
nary numbers indicates no connection with the 
graphing of real numbers on a straight line (p. 
253); such motivation would avoid the pupil’s 
reaction, “‘But who wants to graph imaginary 
numbers?” 

Logarithms are difficult to motivate before 
they are defined, but they do not need to be pre- 
sented as a completely mechanical process (p. 
262). For example, the subject of negative char- 
acteristics (p. 271) is justified by the direction in 
which you move a pencil in counting, but never 
by referring to the definition of logarithms. 

Why: Why certain definitions are given, why 
certain rules and procedures are used, why cer- 
tain topics are included in the course, are just as 
important to the student as how to define, how 
to proceed, and how to remember what comes 
next in the book. This is closely connected with 
the topic of motivation, but all motivation is not 
identical with telling “why”; on the other hand, 
sometimes we tell ‘‘why” to maintain the logical 
pattern, not merely to motivate. 

Here are some concepts which are introduced 
without telling why: LCD (p. 48), the distince- 
tion between tu =(t) X(u), but 3515 (p. 179), 
and several words connected with the parabola 
(turning point, minimum, maximum, etc.) (pp. 
334, 335). 

Many, many procedures are given with no 
proper explanation of “why” each is a good or 
acceptable procedure: the explanation that a 
minus times a minus gives a plus (p. 8); coeffi- 
cients in front of parentheses are always 1 (p. 
22); or even why every parenthesis need have a 
coefficient (p. 22); the procedure of arranging 
polynomials in descending order before multi- 


plying (p. 25); the rule “‘invert denominator and 
multiply” (p. 100); the reason why m>n in the 
rule for exponents (p. 208); the reversal of fac- 
tors in the rule (z*)"=z™ (p. 209); the proce- 
dure for deciding how many significant figures 
to keep in an answer (p. 215); any reason why 
one should want to simplify radicals even if he 
knows how (pp. 228-234); the procedure for 
adding and subtracting radicals (p. 234); the 
definition of functions of obtuse angles (p. 322); 
and others. It is greatly to be doubted whether 
rules which are not capable of justification are 
worth teaching. As an example of a place where 
the “why” is given we might cite the rule for 
marking off pairs of digits before using the meth- 
od of finding square root (p. 223). 

Seldom is continuity given to the develop- 
ment of the mathematics by showing why a new 
subject is introduced. For example, second and 
third order determinants are defined and eval- 
uated, and then it is shown that they help in 
solving simultaneous equations (p. 195, 198). 

Logic: In an elementary book the logical 
steps in proceeding from one part of mathemat- 
ics to another must often be sketchy, but they 
should never be incorrect or seem to indicate a 
logical direction which is fallacious. Such short- 
comings will be discussed here with regard to 
four topics: powers and roots, solving equations, 
checking equations, and extraneous roots. 

The logic of (2")"=2™ is confused (p. 34). 
Although the rule (X”z)™ ={/z™ is correct when 
first given (p. 221), it is not changed later (pp. 
247-256) when it has become incorrect. The 
whole approach to the extensions of the mean- 
ing of “exponent” is filled with danger; it is far 
from clear that we are defining new types of ex- 
ponents, rather than proving that they must 
have the meanings assigned. This is true for zero 
(p. 211), negative (p. 211) and fractional (p. 
221) exponents. 

In solving equations the teacher must decide 
whether transposition is to be encouraged, al- 
lowed, or condemned; this book does not help 
much with that decision (p. 46). Here is another 
minor point, but it is to be wondered what dis- 
cussion will result from this sequence (p. 88): 

(1) (82+1)(x—2) =0 

(2) Either (32+1) =0 or (x—2) =0 

(3) Both —} and 2 are roots. 

The steps given for solving equations (p. 88) are 
not complete without another step: Check to see 
if they are roots. 

The whole subject of checking roots is poorly 
handled (pp. 43, 45, 103). Starting with an equa- 
tion to be proved and then operating on it as 
though it were true, is poor logic. Whether the 
words are used or not, the concept of necessary 
and sufficient conditions would help the student 
out of the logical troubles (p. 169) which confuse 
the approach to simultaneous equations. 

The use of necessary and sufficient condi- 
tions would also remove the illogical approach to 
“extraneous roots” (p. 110) which is better ex- 
plained by reversible and non-reversible opera- 
tions, than by the discussion which merely makes 
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you feel that sometimes algebra lets you down 
(p. 242). The phrase “introducing and losing 
roots” (p. 355) also makes algebra sound very 
unreliable, which it is not. 

Applications: Perhaps an honest distinction 
between artificial applications that are both fun 
and instructive and practical applications that 
show how people really use mathematics would 
avoid the silly problems which masquerade as 
practical applications. 

Instead of analyzing all the problem mate- 
rial, which would take too much detail, it might 
serve to inspect the pictures (omitting the 
graphs and purely geometric illustrations). They 
can be divided into diagrams and photographs. 
Submitting them to several teachers for evalua- 
tion gave the following figures: 


Excellent Good Fair Poor 
Diagrams 11 35 33 8 
Photos 1 2 5 7 


For example, some pictures were completely dis- 
honest and unconvincing applications of mathe- 
matics, pages 65, 66, 128, 129, 205, 301, 440, and 
441. The drawing at the top of page 379 showing 
conic sections and their uses could much better 
have been expanded to cover two or three pages, 
and have included some fine photographs, and 
have replaced some of the useless material. 
Sometimes the pictures are not poor applica- 
tions, merely confusing (pp. 15, 206). 

Good points: It must be indicated that some 
features of this book are good. It is easier to find 
fault, and more revealing, than to tell all the ma- 
terial which is well done. For a few examples: the 
order of topics is very teachable; the diagram of 
base and exponent (p. 10) is good teaching; many 
of the clever diagrams beside the word problems 
are entertaining and instructive (for example, 
pp. 115, 116); the introduction to analytic ge- 
ometry is quite satisfactory (pp. 150-163); a 
careful explanation of the meaning of a radical 
sign, and the distinction between ./9 and — +/9 
is given (p. 220); the parallel column arrange- 
ment of numerical and general cases for the solu- 
tion of the equation az*+br+c=0 (p. 352) is 
appreciated; and the discussion of graphical so- 
lution of quadratics (pp. 391-397) is good be- 
cause it takes time to be leisurely and illustrate 
its points. Balancing all opinions, however, this 
is not a top-notch book for teaching second-year 
algebra.—Henry W. Syer, School of Education, 
Boston University, Boston, Massachusetts 


Trigonometry, Elbridge P. Vance, Addison-Wes- 
ley Publishing Company, Inc., Cambridge 
42, Massachusetts, 1954. Cloth, viii+158 
pp., $3.00. 


As in many recent texts, the emphasis in this 
book is on analytic rather than numerical trigo- 
nometry. The general circular functions are de- 
fined in terms of a coordinate system and a sub- 
stantial portion of the theory is treated before 
the solution of triangles. In the last chapter the 
student is introduced to some modern applica- 


tions of trigonometry through brief discussions, 
on an elementary level, of simple harmonic mo- 
tion and harmonic analysis with illustrations 
from electricity and sound. 

The text is concise and well written. In the 
reviewer's opinion, it has several good features. 
One section on graphing of the circular functions 
appears immediately after their definitions. The 
material on logarithms is relegated to the ap- 
pendix, which enables the instructor to omit it 
or not depending on the purposes of the course 
and the background of the class. 

Four-place tables of logarithms, trigono- 
metric functions and logarithms of the trigo- 
nometric functions are included in the appendix. 
—Fred W. Lott, Iowa State Teachers College, 
Cedar Falls, Iowa 


Elementary Statistics, John M. Howell and 
Ben K. Gold, Wm. C. Brown Company, 
Dubuque, Iowa, 1954. Paper, v+154 pp., 
$3.00. 


You will be favorably impressed when you 
first leaf through this elementary statistics book. 
As you read the text, you find it is well written. 
The statistical concepts are thoroughly ex- 
plained. There are many practical problems, but 
very few answers are given for the problems.— 
O. C. Kreider, Iowa State College, Ames, Iowa 


College Algebra, H. G. Apostle, Henry Holt and 
Company, New York, 1954. Cloth, v-+432 
pp., $4.50. 


This text is an excellent example of a growing 
trend to base the study of algebra on its basic 
axioms and postulates, and then to develop the 
subject matter scientifically by logical processes, 
definitions, theorems, etc. The author has tried 
to present the conventional topics of algebra as 
logical principles of science, employing both in- 
ductive and deductive methods. 

In the early chapters the student gets a gen- 
eralized concept of college algebra as a science. 
The basic assumptions and definitions are in- 
troduced and carefully presented—12 axioms 
for natural numbers, 26 axioms and 14 theorems 
for real numbers are considered. In the later ma- 
terial, whenever a rule is stated the author points 
out from which axiom and/or theorem it is 
taken. 

A rather complete treatment of the Cartesian 
coordinate system and the techniques of graph- 
ing should prepare the student for later work in 
analytic geometry. Stress placed on maximum 
or minimum values of functions of the form 
y =az*+bxr-+c should make differential calculus 
a little less foreboding. In the many illustrative 
examples, the solutions include a good discussion 
of the elements of the problem involved before 
the mechanics of the solution appear. The prob- 
lems are fine, with numerous applications from 
the fields of physics, mechanics, engineering, 
commerce, etc. A very good chapter on “Theory 
of Equations” includes general solutions for the 
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cubic and quartic, and a detailed discussion of 
Horner’s Method. 

The text is a lengthy one but primarily be- 
cause of the completeness with which the sub- 
ject matter is treated. This is one of the few 
recent books which can really be thought of as a 
new book in college algebra. It merits most care- 
ful consideration as a text for classroom use.— 
Irwin K. Feinstein, Chicago Undergraduate Divi- 
ston, University of Illinois 


DEVICES 


Perimeter Area Board (#763), Ideal School Sup- 
ply Company, 8326 Birkhoff Avenue, Chi- 
cago 20, Illinois. Cork-faced board, 10” X20’, 
with 20 large pins, 6 rubber bands, and one 
20” measuring tape; 8-page instruction man- 
ual included; $2.50. 


The cork face of the board has a checker- 
board design with 1” squares. The pins can be 
stuck in the board anywhere and enclosed with 
a rubber band to form a geometric figure. The 
squares on the board enable the student to find 
the area, and the measuring tape can be used to 
find the perimeter. 

This device is well constructed and can be 
used effectively in grades five through eight. By 
means of this board and accessories, students 
can discover for themselves how to find the area 
and perimeter of rectangles, squares, and right- 
angle triangles. The board can also be used to 
learn how to multiply and divide with whole 
numbers and fractions. The instruction manual 
written by Elda L. Merton (who also designed 
the board) provides some suggestions for the use 
of the board.—Richard D. Crumley 


Spinner Fraction Pie Game (N248), Creative 
Playthings, Inc., 5 University Place, New 
York 3, New York, or 316 N. Michigan 
Avenue, Chicago 1, Illinois. Game composed 
of wooden spinner, 6 rubber pies cut into 
fractional parts; $2.95. 

This device consists of six rubber pies (?” 
thick) cut into thirds, sixths, twelfths, halves, 
fourths, and eighths in different colors; an 


11” X12" framed wood board with sliding cover 
and six 3” circular holes for the rubber pies; and 
a hexagonal wooden spinner with the fractions 
3, 3, 4, 3, 3, fy printed on the six sectors. 

A nice feature of this device is the flexibility 
with which it can be used. The rubber pies and 
the board with holes for the pies can be used by 
small groups of students to discover and under- 
stand the relationships between fractions with- 
out using the spinner to make it a game. A two- 
page, mimeographed set of instructions accom- 
panies this device and describes a couple of 
games that may be played, and other games 
could be invented using the device. Even though 
such instructional material would most com- 
monly be used in the fifth and sixth grades, it 
could be used effectively for remedial instruc- 
tion in later grades.—Richard D. Crumley 


FILM 


Weights and Measures, Encyclopaedia Britan- 
nica Films, Inc., 1150 Wilmette Avenue, Wil- 
mette, Illinois. 16 mm. film; black and white; 
14 min. ; $62.50. 


Designed for the middle grades and junior 
high school arithmetic and general science 
classes, this film deals with the importance of 
weights and measures by showing some experi- 
ences of a young junior high school student. 
Linear measure, area measure, and volume 
measure are illustrated, as well as different meas- 
ures of weight. The collaborator for the film was 
John R. Clark, and the producer was Milan 
Herzog. 

The photography and sound of the film are 
excellent. Animation is well integrated with the 
live photography and is effective. Things done in 
the film could not be done easily by a teacher in 
the classroom, so the medium of film is used to 
good advantage. This film will serve well as an 
introduction to an instructional unit on weights 
and measures; however, it can be used for other 
purposes, too. A nice feature is the emphasis 
given to the suitability and selection of different 
units and measuring devices according to the 
purpose of the measurement.—Richard D. 
Crumley 


Have you read? 


Lamers, “A Friendly Classroom 
Atmosphere.” The Clearing House, Vol. 29, 
September 1954, pp. 46-47. 


All of us hope for a friendly classroom and 
realize that learning increases in a geometric 
ratio under such pleasant conditions. But how 
to achieve this is another problem. This short 


article gives some potent things to think about; 
for example, closing the door to yesterday; never 
nurse yesterday’s wounds; smile; please don’t 
scream; keep looking up; put sugar on sour 
apples, and several others. This is well worth 
reading, especially on one of those blue days. 
—Puiuip Peak, Indiana University, Blooming- 
ton, Indiana 
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@® WHAT IS GOING ON IN YOUR SCHOOL? 


Edited by John A. Brown, University of Wisconsin, Madison 6, Wisconsin, and 
Houston T. Karnes, Louisiana State University, Baton Rouge 3, Louisiana 


Subtracting signed numbers 


by Alice Entwhistle, Canton High School, Canton, Illinois 


I shall attempt to explain in this article 
some of the illustrations, examples, and 
procedures I use in presenting the subtrac- 
tion of signed numbers to my classes. 

In introducing signed numbers I stress 
the fact that the minus sign is a symbol. 
This symbol has several meanings. It 
means subtract as in arithmetic, and also 
is the sign of a directed number. When it is 
the sign of a number, as in —3, then the 
symbol indicates that the number —3 is 
the opposite of the number +3. In prob- 
lem situations the negative number may 
mean: (a) below the starting point (0); 
(b) to go in the opposite direction; (c) less 
than zero (below). Zero is always the point 
of comparison from which to start, when 
plus and minus signs are used. 

Some examples that illustrate direction 
are listed here. I have two students start 
from the center of the room. One student 
will walk west five steps. He will tell the 
class his final position from the center of 
the room by writing on the board the sym- 


bol “—5.”’ The second student will walk ~ 


five steps east and will tell the class his 
final position by writing the symbol 

I sometimes drop a ball from the desk 
and toss a ball up from the desk. The 
students then describe the direction of the 
ball by the plus and minus symbols. 

Money that is saved and owed also 
furnishes good examples because most 
students have had direct experiences with 
these situations. Games where scores can 
be less than zero are effective to use as 


illustrations and drill exercises for adding 
and subtracting signed numbers. 

I begin the instruction of subtraction of 
positive and negative numbers by using 
money. I hold a $10.00 bill in my hand 
and make a $15.00 bet with a student; 
and I lose. I pay the $10.00; but I still 
owe $5.00. This situation is then described 
by 

+10—(+15) =—5. 

The first minus sign means subtract. 
The second minus sign is a part of the 
number —5 and means here that I owe 
$5.00. 

I also use this example. Bill’s bank bal- 
ance is $2.00 overdrawn at the bank. Bill 
writes a check for $10.00 the next day so 
his account is then $12.00 overdrawn. In 
this situation the words “write a check” 
mean subtract. The words ‘$2.00 over- 
drawn” and “$12.00 overdrawn” are rep- 
resented by the negative numbers —2 
and —12. This situation is then described 
by 

—2—(+10) = —12. 

I illustrate the subtraction of two nega- 
tive numbers by using this example. Jane 
owes Mary $12.00. She then pays Mary 
$10.00. That is, Jane has a debt of $12.00 
and she then subtracts a debt of $10.00. 
She now has a debt of only $2.00. Thus 


—12—(-—10) = —2. 


In selecting examples, I am sure to use 
words that mean subéract and in the op- 
posite direction. 
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From the examples, I let the pupils 
formulate their own rules, and most of 
them soon discover for themselves the 
shorter rules for subtraction. The rules 
have meanings for them and are not 
merely memorized statements that they 
repeat. 

I teach all the rules for the four opera- 
tions with signed numbers without the use 
of a textbook. I give my students mimeo- 
graphed problems for their assignments. 
Problems in the textbook are not assigned 
until the students have mastered the 
rules. Since I have been using this method 
of presentation, I find that the number of 
difficulties encountered by the students 
have been very few. I believe this due to 
the fact that the student has worked out 


Suggestions for counseling 
in high-school mathematics 


On many occasions, I have expressed 
the opinion that counseling in secondary 
mathematics should be based on the math- 
ematical ability of the student rather than 
on his intentions of the moment with re- 
spect to a future vocation, or future col- 
legiate training. That is, I believe that the 
student of high mathematical ability will 
gain more good, aesthetic and practical, 
from the continued study of substantial 
mathematics than he would from any 
mathematical course of a weak variety, 
or any other substitute course of a non- 
mathematical type, regardless of his future 
vocation or profession. The student of 
ability who studies a great amount of sub- 
stantial mathematics in high school, but 
never goes to college, more frequently ap- 
preciates his mathematical training, and 
sometimes obtains more tangible rewards 
as a result of it, than some students of 


by William L. Hart, University of Minnesota, Minneapolis, Minnesota 
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his own rules and relies upon an under- 
standing of the principles rather than 
memorized rules written by someone else. 

I also use cards on which statements 
such as the following are written: 

“Subtract 10 from your score.” 

“Take —3 from the person on the right 
and subtract it from your score.” 

“Subtract from your score the number 
that will make the score of the person 
on your left equal to zero.” 

I have about fifty cards in a set and 
enough sets for each class. About five stu- 
dents play in a group. Scores are com- 
puted at the end of a certain time, or at 
the end of a certain number of draws. The 
students have fun learning their addition 
and subtraction facts in this manner. 


similar ability who go on to college. I wish 
it to be understood that my following 
remarks relating to college contacts do not 
contradict the preceding creed that the 
substantial parts of the curriculum in sec- 
ondary mathematics should be planned for 
the student of requisite ability, whether 
or not he intends to enter some college. 
When the counselor in a high school de- 
bates advising some student to take one 
or more of the advanced courses in mathe- 
matics, higher algebra, trigonometry, and 
solid geometry, naturally the counselor 
considers not only the mathematical abil- 
ity of the student but also all other perti- 
nent features. Among these we may men- 
tion the psychological reaction of the 
student to the subject—does he like it or 
does he dislike it, even though he is suc- 
cessful in its study; does the student aim 
at some trade, or some collegiate curricu- 
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lum where advanced secondary mathe- 
matics will be useful? It is my purpose to 
emphasize certain facts about curricula at 
the University of Minnesota which the 
counselor should keep in focus when advis- 
ing the student of requisite ability. 

It is common knowledge that any stu- 
dent who intends to enter a technical 
college should study as much mathematics 
as possible in high school. I shall say no 
more about this obvious fact. However, 
the mathematical needs of technical cur- 
ricula must not be allowed to conceal the 
fact that this is just one of many college 
curricula where considerable use is found 
for secondary mathematics—and where 
some of this content is a prerequisite for 
an efficient start in the freshman college year. 
The following list of requirements in cur- 
ricula oulside the Institute of Technology 
at the University of Minnesota justifies 
the preceding remarks. 

(1) Premedical students. The student is 
required to take two five-credit courses in 
mathematics, where advanced high-school 
algebra is a prerequisite. Premedical stu- 
dents in some types of advanced medical 
science are advised to take mathematics 
at least through elementary calculus. 

(2) Pharmacy curriculum. The same 
ten-credit requirement as for the pre- 
medical curriculum. 

(3) Curricula in the School of Business. 
Starting in the fall quarter of 1954, any 
student entering the School of Business, as 
a junior, will be required to present evi- 
dence that either (a) he took advanced 
algebra in high school, and then was able 
to pass a qualifying test in this content 
given at the University, or (b) he passed 
the substitute course, Mathematics 1, 
at the University. Also, ten credits in col- 
lege mathematics, based on advanced 
high-school algebra as a prerequisite, are a 
requirement for majors in various cur- 
ricula in the School of Business (for in- 
stance, Accounting and Insurance). More- 
over, a desirable option in regard to a first 
course in Economic Statistics for sopho- 
mores will be made available, starting 


next year, to students who have credit in 
college algebra. The major curriculum in 
Statistics in Business requires the student 
to study college mathematics for three solid 
years. 

(4) College of Agriculture. Certain cur- 
ricula require college mathematics. In 
some curricula, substantial parts of col- 
lege mathematics frequently are recom- 
mended, when not required. 

(5) College of Science, Literature, and 
the Arts. Mathematical courses mentioned 
in items (1), (2), (3), and (4) are taught by 
the Department of Mathematics in this 
college. Major students of physics and 
chemistry are required to take at least two 
years of college mathematics with a pre- 
mium placed on obtaining this knowledge 
as quickly as possible (aided by a strong 
entrance credit in mathematics). Students 
of proper abilities in the various statistical 
fields such as psychology, sociology, and 
economics are strongly advised to take a 
substantial amount of college mathe- 
matics. Finally I mention the large group 
of students majoring in mathematics. Ap- 
proximately 70 senior college students at 
present are working toward a major in 
mathematics either in the College of 
Science, Literature, and the Arts, or under 
the wing of its Department of Mathe- 
matics as majors in mathematics in the 
College of Education. 

(6) Placement tests in mathematics in the 
College of Science, Literature, and the Arts. 
In each course where advanced high- 
school algebra is a prerequisite, the stu- 
dent is required to pass a placement test in 
this content after a reasonable review. In 
each course where trigonometry is a pre- 
requisite, credit in high-school trigonom- 
etry is acceptable if the student is able 
to pass a placement test in the subject. 
It should be noted that this test empha- 
sized the analytical parts (identities, equa- 
tions, graphs, ete.) as well as numerical 
trigonometry. Students who elect to take 
Math 1 in college as a substitute for ad- 
vanced high-school algebra are given a 
placement test to justify continuation in 
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the course. Those students who fail on this 
test are given an opportunity to study 
very elementary algebra at a sub-fresh- 
man level in the Extension Division at an 
extra tuition charge. 


In the April issue of this journal! Mr. 
Nichols presented a description of his 
method of teaching understanding of 
definition. It seems important to point 
out that in the history of western thought 
there have been many different views of 
this matter and that it has often been a 
subject of considerable philosophical con- 
troversy. I should like to describe here a 
view which I believe is more in keeping 
with contemporary conceptions of mathe- 
matics as well as with such recent philo- 
sophical developments as semantics and 
logical positivism. 

We might start by asking: Which do we 
define, words or things? Mr. Nichols’ use 
of the phrase ‘‘object being defined” sug- 
gests that he would subscribe to the view 
that we define things. The more mathe- 
matical view is, I believe, that definitions 
are about words and symbols and that they 
are, in fact, simply agreements to use a 
certain linguistic form in place of some 
other form which is usually larger or less 
convenient. To illustrate, suppose that 
we have discovered in geometry that cer- 
tain triangles have twg equal sides and 
that we have decided to*study such tri- 
angles. After a while the freqtient repeti- 
tion of the phrase “‘triangle with two equal 
sides’ becomes tiresome and we wonder 
if we might not save effort by using some 
shorter phrase. We then agree that we 
shall use the phrase “isosceles triangle”’ 


1 Eugene Nichols, ‘‘How I Teach Understanding of 
Definition,” Tue Marsematics Treacuer, Vol. 
XLVII (April 1954), p. 274. 


Another view of the process of definition 


by Robert S. Fouch, Tempe State College, Tempe, Arizona 
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In conclusion, I consider it obvious that 
a student who is able to learn advanced 
high-school mathematics to the point of 
mastery will be amply rewarded for his 
efforts when he reaches college. 


as an abbreviation for the phrase “triangle 
with two equal sides.”’ This illustrates the 
basic process of definition and shows that 
it is a creative act, the act of inventing a 
new piece of language to take the place 
of some already existing words or symbols. 
This view makes clear the interchange- 
ability of the definiendum (the new lan- 
guage) and the definiens (the old language). 
This has the further advantage of destroy- 
ing all futile questions about “discover- 
ing’ the meaning of a word and instead 
shows that there is only a question of his- 
torical fact, namely: for the replacement 
of what other language was this word, 
symbol, or phrase created? 

In his fifth criterion, Mr. Nichols states 
that the converse of a good definition is 
true. This suggests that he may possibly 
ascribe truth or falsity to a definition. 
This also is denied in the view presented 
here, in which it would be said that when 
one makes a definition one is really say- 
ing, “I have decided to use this word in 
place of these other words.’’ There can be 
no question about the fact of a decision 
having been made; there can only be a 
question about the wisdom or desirability 
of that decision. A good example is the 
definition of the phrase ‘‘natural number’’; 
some writers include the number zero, 
others exclude it. There should be no claim 
that these definitions are contradictory 
nor any question which is correct. They 
are simply two different decisions about 
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NCTM 


THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


Thirty-third Annual Convention 


Hotel Statler, Boston, Massachusetts 
_April 13-16, 1955 


HOST ORGANIZATION 
New England Association of Mathematics Teachers 


Marie S. Wilcox, Program Chairman 
Thomas Carr Howe High School 
Indianapolis, Indiana 


ONE IF BY LAND! 


Members of The National Council of 
Teachers of Mathematics will “invade” 
Boston from April 13 through April 16, 
1955. Headquarters will be established at 
the Hotel Statler. 

The time is long past when a teacher 
who knew the multiplication tables and 
remembered that there was a quadratic 
formula was considered capable of teach- 
ing a mathematics class. The past thirty 
years have seen considerable change in the 
topics taught in the mathematics class and 
in the manner in which they are presented. 
There may be a greater change in the 
next few years than in all those years put 
together! 

Dr. G. Truman Hunter, Assistant to 
the Director of the Applied Science Di- 
vision of the International Business Ma- 
chines Corporation, in accepting the invi- 
tation to be the banquet speaker at the 
Boston meeting, stated, “Things are 
going very rapidly in the computing field, 
and by next spring we anticipate having 
considerably more information available 
on outstanding equipment and applica- 
tions in the field of mathematics.”’ 

Dr. Harold Fawcett of Ohio State Uni- 
versity, a well-known leader in the field 


of mathematics education, will address 
the opening general session on Thursday 
evening with a challenge to teachers to 
make pupils mathematically fit for life in 
this modern world. 

Dr. E. P. Northrop of the University of 
Chicago will bring a message about mod- 
ern mathematics to the group at Boston. 
Dr. Northrop is at present in Washington 
serving as Consultant in Education in the 
Sciences for the National Science Founda- 
tion. In this latter capacity he will partici- 
pate in a panel to discuss recent efforts to 
strengthen education in the sciences. Oth- 
er members of the panel will predict the in- 
fluence on mathematics education of the 
1954 summer conferences sponsored by the 
Ford Foundation, the National Science 
Foundation, and industry. 

A message concerning the importance of 
mathematics will be brought to Council 
members at the Saturday morning general 
session by Dr. J. R. Killian, Jr., President 
of the Massachusetts Institute of Technol- 
ogy. Dr. Kenneth E. Brown, Specialist in 
Mathematics, United States Office of Edu- 
cation, will talk on professional opportuni- 
ties in mathematics at a guidance section 
program on Friday afternoon. 

Teachers of mathematics the country 
over should plan to attend the Boston 
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meeting to get a look into the future of 
mathematics and mathematics education 
as well as to exchange ideas on methods of 
teaching today. 
Social events at the convention will in- 
clude a reception following the Thursday 
evening program, the annual banquet on 


Friday, and the annual luncheon on Satur- — 


day. 

A series of television broadcasts before 
and during the convention will feature the 
kinescopes described in the twenty-second 
yearbook of the Council. Dr. Phillip S. 
Jones of the University of Michigan, who 
produced these kinescopes, will describe 
the technique involved at a section meet- 
ing on television on Friday morning. 

Short walking tours of historic Boston 
will highlight the sightseeing events. 


Wepnespbay, AprIL 13 


Provision has been made for visits to 
schools in the Boston area on Wednesday. 
Sightseeing trips will be available. 


Tuurspay, APRIL 14 


The Delegate Assembly will hold its 
first meeting Thursday morning. Meetings 
are also scheduled for State representa- 
tives, and for all Council committees. For 
those not concerned with these meetings, a 
sightseeing trip has been planned. 

The afternoon will see a demonstration 
lesson and section programs at all levels of 
instruction. Programs concerned with 
research, supervision, adult education, and 
applications of mathematics will be of 
special interest. 

Since schools in the Boston area are in 
session this week, a late afternoon program 
has been arranged so that teachers in the 
area may participate. At 3:45 pP.M., 
laboratories in elementary, junior high, 
and senior high school mathematics are 
scheduled. There are also discussion 
groups and two formal programs at this 
hour. 

The general meeting on Thursday eve- 
ning will be held in the auditorium of the 
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beautiful John Hancock building, two 
short blocks from the hotel. 


Fray, Aprit 15 


Dr. Northrop will address the opening 
session on Friday morning. Papers and 
discussions concerning integrated mathe- 
matics, algebra, and geometry will be fea- 
tures of the day, with attention also given 
to guidance, evaluation, the use of televi- 
sion, the influence of summer conferences, 
and curriculum trends at the junior high 
school level. 

The late afternoon program will be an 
attempt to acquaint all members of the 
Council with all Council activities. Offi- 
cers, editors, and committee chairmen 
will make reports to the entire member- 
ship at 3:45 p.m., followed by the annual 
business meeting at 4:30 p.m. 

Events of the day will be climaxed by 
the annual banquet and a message from 
Dr. Hunter. 


SaturpDay, Apri 16 


The general session will open with an 
address by Dr. Killian. Another feature of 
the morning program will be a panel dis- 
cussion of the problems which confront 
the beginning teacher and is arranged to 
assist the prospective and beginning 
teacher. The Association of Teachers of 
Mathematics of New York will sponsor a 
program on Saturday afternoon concern- 
ing the problems of teaching mathematics 
as viewed by a classroom teacher, a de- 
partment head, and a person in mathe- 
matics education. 

Other programs during the day include 
discussions of desirable changes in the 
mathematics offered at the high school and 
college levels, teaching the gifted child, 
and the creation of a realization on the 
part of the child in junior high school that 
he should continue to study mathematics. 

Section programs and discussion groups 
do not close until 4:00 p.m., so members 
can be governed by this in making hotel 
and transportation reservations. 
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@ AFFILIATED GROUPS 


The Agenda Planning Committee has 
completed plans for the Sixth Delegate 
Assembly to be held as a part of the an- 
nual meeting of the National Council in 
Boston, April 13 to 16, 1955. The com- 
mittee consists of Dr. Catherine A. V. 
Lyons, Pittsburgh, Pennsylvania, as chair- 
man, assisted by a committee composed of 
Dr. Houston T. Karnes, Louisiana State 
University; Dr. Myron Rosskopf, Teach- 
ers College, Columbia University; Mr. 
Oscar F. Schaaf, Eugene, Oregon. In addi- 
tion, valuable suggestions were made by 
Regional Representatives and others. 

A slight change in procedure this year 
will make it possible to devote the entire 
first session to discussing problems posed 
by Affiliated Groups. A panel will present 
the problem of “Values of Affiliation”’ 
from the viewpoints of both the National 
Council and the Affiliated Groups. Dis- 
cussion leaders will direct open discussions 
on the “Function and Selection of State 
Representatives” and “Small Group Affili- 
ations.” 

It is suggested that each delegate be 
instructed by his group to be prepared 
with questions and suggestions on the 
following items: 

1. What benefits should the Affiliated 
Groups expect from the National Coun- 
cil? What benefits should the Council 
expect from the Affiliates? What can 
be done to make these mutual benefits 
more effective? 

2. What is the function of the State 
Representative? How selected and for 
how long? 

3. Should small groups affiliate with the 
state organizations or directly with the 
National Council? 

. Recommendations to be considered by 


H. Glenn Ayre, Chairman, Western Illinois State College, Macomb, Illinois 


the Board. (Have typed copies for dis- 
tribution.) 


Mr. Henry Swain, Winnetka, Illinois, 
who has assumed the editorship of the 
Handbook for A fiiliated Groups, expects to 
present the handbook in preliminary form. 
The Executive Committee of the Board 
agreed to ask that the first edition be in 
mimeographed form so that desired re- 
visions could be made inexpensively before 
having it printed. 

Reports from editors of THe MaTusE- 
MATICS TEACHER, The Arithmetic Teacher, 
The Student Journal, and reports by 
special committees, and other general 
reports will be made in conjunction with 
the annual business meeting. This will 
give delegates a better opportunity to 
gather information. on the business of the 
Council to report back to their respective 
groups. 

At the meeting of the First Delegate 
Assembly in Chicago, April 13 to 15, 
1950, it was recommended that the Affili- 
ated Groups have a definite part in plan- 
ning and implementing the work of the 
National Council. This plan of mutual 
benefit initiated by the Assembly is prov- 
ing to be a valuable force for the realiza- 
tion of the objectives of the Council. 
The Delegate Assembly is proving to be 
a valuable liaison between the Council 
and the local groups. Many recommenda- 
tions proposed by the Assembly have been 
authorized and implemented by the 
Board. 

It is hoped that all Affiliated Groups 
will make strong effort to be represented 
at this Sixth Delegate Assembly. If there 
is any group that has not selected a dele- 
gate and an alternate, this should be done 
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immediately and reported to the chairman Renew affiliation and pay dues each 
of Affiliated Groups. This is our procedure year between October 1 and Decem- 


for giving delegates official status. ber 31. 
In regard to renewal of affiliation and One vote be allowed each group regard- 


eligibility to vote in the Assembly the less of size. 

following action was taken by the Second No delegate be allowed to vote at a 
Delegate Assembly and printed in the Delegate Assembly if the annual dues 
October 1951 issue of Toe MATHEMATICS for renewal of affiliation have not beer. 


TEACHER. paid, 


Notes from the Washington office 


For many years the registration reports attendance at the meetings and thus be- 
of the Council conventions have been come an important part of the history of 
printed in Toe Matruematics Teacner. the Council. Below are the reports for 
These reports are the official record of the three recent meetings. 


Registrations at the Fourteenth Summer Meeting 
The National Council of Teachers of Mathematics, Seattle, Washington, August 22-25, 1954 


New Mexico 
New York 
Ohio 
Oklahoma 
Oregon 
Pennsylvania 
South Dakota 
Tennessee 
Texas 

Utah 
Virginia 
Washington 
Wisconsin 
Wyoming 
Foreign 


Arizona 
California 
Colorado 
District of Columbia 
Georgia 

Illinois 

Indiana 

Idaho 

Kansas 
Louisiana 
Maryland 
Michigan 
Minnesota 
Missouri 
Montana 
Nebraska 
Nevada 

New Hampshire 


Registrations at the Annual Joint Meeting with the NEA 


The National Council of Teachers of Mathematics, New York City, June 28, 1954 


Nebraska 

New Jersey 
New York 
North Carolina 
Ohio 
Pennsylvania 
Rhode Island 
South Carolina 
Tennessee 
Texas 

Virginia 

West Virginia 
Wisconsin 
Foreign 


Total 156 
Continued on page 184 
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Total 


1 
31 
4 
2 
1 
7 
2 
1 
3 
1 
1 
3 
6 
9 
4 
2 
1 


Alabama 
Arkansas 
California 
Colorado 
Connecticut 
District of Columbia 
Florida 
Georgia 
Illinois 
Indiana 
Iowa 
Kansas 
Louisiana 
Maryland 
Michigan 
Minnesota 
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50 
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10 
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At a time when our country needs more 
and more young people adequately trained 
in mathematics and science, we, unfor- 
tunately, also have a shortage of teachers 
capable of training these young people. 
Perhaps one way to improve this situation 
would be to give more attention to the 
problems of prospective and beginning 
teachers. 

A few years ago I attended a meeting 
called to consider the problems of the class- 
room teacher. I was startled to hear ex- 
perienced teachers tell of beginning teach- 
ers in their elementary schools who ac- 
tually cried themselves to sleep at night 
because they just could not do every- 
thing each day which was necessary to 
carry on their work. They had children 
under their care the entire school day, 
often including their lunch period, and 
spent many hours after school on reports 
of many kinds, parent conferences, and 
preparation for special school events. 
Then far into the night they worked on 
plans just to carry on the classroom ac- 
tivities the next day. Beginning teach- 
ers in secondary schools often find them- 
selves in a similar dilemma. 

Many school systems are attempting 
to meet these problems by the use of con- 
sultants, in-service training conferences, 
and publications of various kinds. Teacher- 
training institutions hope to give their 
graduates as adequate preparation as 
possible to meet their problems as begin- 
ning teachers. 

Professional organizations also have an 
obligation to these teachers! 


@ POINTS AND VIEWPOINTS 


The National Council and classroom problems 
by Marie Wilcox, President, The National Council of Teachers of Mathematics 


A column of unofficial comment 


The National Council of Teachers of 
Mathematics has attempted to keep its 
dues at a reasonable figure so that teach- 
ers in the lower salary brackets can afford 
to join. Student memberships at an even 
lower figure also are available for students 
who have never taught. Young men and 
women who are preparing to teach mathe- 
matics are not charged registration fees at 
the meetings of the Council if they are 
sponsored by a faculty member. 

At the annual meeting in Boston from 
April 13 through 16 of this year, one Satur- 
day morning section program will be 
directed to prospective and beginning 
teachers. A panel of young teachers will 
discuss problems they encountered in their 
first years of teaching. Henry Swain, a 
classroom teacher, will speak on the sub- 
ject, “I Teach Mathematics and Like 
It.’ Discussion periods following the more 
formal portions of the program will afford 
the members of the audience an oppor- 
tunity to present their own problems for 
discussion. The Hotel Statler, convention 
headquarters in Boston, offers a dormitory 
rate which will probably appeal to be- 
ginning teachers if a group of five or more 
are willing to room together. 

In addition to the annual meeting of the 
Council, three other meetings are 
scheduled each year. The Place of Meet- 
ing Committee endeavors to recommend 
locations for these meetings so that a 
teacher in any part of the country may be 
able, without too great an expense for 
travel, to attend at least one meeting. As 
frequently as possible the summer and 
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Christmas meetings are housed in college 
or university dormitories. These meetings 
are during vacation periods so that it is 
possible for teachers to drive to the meet- 
ings. Rates for board and room when the 
meetings are housed in dormitories are 
very reasonable. The 1955 summer meet- 
ing which will be held at Indiana Univer- 
sity offers board and room at $5 a day in 
double rooms and $5.50 in single rooms. 
All publications of the Council contain 
much material which should be of assist- 
ance to the inexperienced teacher. This 
journal now gives further attention to the 
needs of these teachers in a department 
entitled, ‘Tips for Beginners,”’ edited by 
Francis G. Lankford, Jr. A group of small 
publications is in preparation and will soon 
be available at reasonable prices. In this 
group is a “How to”’ series. Titles include: 
“How to Use Your Bulletin Board,” “How 
to Study Mathematics,’ “How to Use 


Films and Film Strips,” ‘How to Develop 
a Teaching Guide for Mathematics,” and 
“How to Use Discovery Teaching Proce- 
dures in the Mathematics Classroom.” 

Actually hundreds of members of the 
Council, serving as officers, editors, and 
committee members, are making these 
meetings and publications possible. Pro- 
spective and beginning teachers can enjoy 
the benefits of this work only if they are 
informed of the assistance which the 
Council makes available to them. 

Each member of the Council might well 
consider himself a committee of one to 
inform young men and women, who are 
prospective or beginning teachers of 
mathematics, of Council activities. It is of 
equal importance that he make sugges- 
tions to officers and committees of the 
Council concerning ways in which the 
organization might be of even greater 
assistance to these teachers. 


Notes from the Washington office 
Continued from page 182 


Registrations at the Thirty-second Annual Meeting 
The National Council of Teachers of Mathematics, Cincinnati, Ohio, April 20-24, 1954 


Alabama 
Arizona 
Arkansas 
California 
Colorado 
Connecticut 
Delaware 
District of Columbia . 
Florida 
Georgia 
Illinois 
Indiana 
Iowa 
Kansas 
Kentucky 
Louisiana 
Maryland 
Massachusetts 
Michigan 
Minnesota 
Mississippi 


w 
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Missouri 7 
Nebraska 2 
New Hampshire 1 
New Jersey 16 
New York 36 
North Carolina 4 
Ohio 296 
Oklahoma 2 
Pennsylvania 24 
South Carolina 2 
Tennessee 12 
Texas 5 
Vermont 1 
Virginia 10 
Washington 1 
West Virginia 7 
Wisconsin 18 
Canada 6 
Foreign 1 
Total 722 
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Your professional dates 


The information below gives the date, name, 
and place of meeting, with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of Toe MATHEMAT- 


ics TeacHEeR. Announcements for this column 
should be sent at least ten weeks early to the 
Executive Secretary, The National Council of 
Teachers of Mathematics, 1201 Sixteenth Street 
N.W., Washington 6, D. C. 


NCTM convention dates 


April 13-16, 1955 

ANNUAL MEETING 

Statler Hotel, Boston, Massachusetts 

Jackson Adkins, local chairman, Phillips Exeter 
Academy, Exeter, New Hampshire 


July 4, 1955 

JOINT MEETING WITH NEA 

Chicago, Illinois 

E. H. C. Hildebrandt, local chairman, North- 
western University, Evanston, Illinois 


August 21-24, 1955 

SUMMER MEETING 

Indiana University, Bloomington, Indiana 

Philip Peak, local chairman, Indiana University, 
Bloomington, Indiana 


December 27-30, 1955 

CHRISTMAS MEETING 

Sheraton-Park Hotel, Washington, D. C. 

Very] Schult, local chairman, Wilson Teachers 
College, Washington 9, D. C. 


Other professional dates 


Second Annual Workshop of the Mathematics 
Teachers Association of Western Pennsylvania 

March 19, 1955 

University of Pittsburgh, Pennsylvania 

Catherine A. V. Lyons, 12 8. Fremont Ave- 
nue, Pittsburgh 2, Pennsylvania 


Eighth Annual Conference on the Teaching of Ele- 
mentary and Secondary Mathematics 

March 26, 1955 

Illinois State Normal University, Normal, Illi- 
nois 

T. E. Rine, ISNU Mathematics Conference, II- 
linois State Normal University, Normal, Illi- 
nois 

Mathematics Conference of the Ontario Associa- 
tion of Teachers of Mathematics and Physics 

April 13-14, 1955 

University of Toronto, Toronto, Ontario 

Ern Totton, Forest Hill Collegiate Institute, To- 
ronto, Ontario 


Fifth Annual Spring Conference of the Ohio Coun- 
cil of Teachers of Mathematics 

April 29-30, 1955 

Kent State University, Kent, Ohio 

Mildred Keiffer, Cincinnati Public Schools, Cin- 
cinnati, Ohio 


Annual Spring Conference of the Minnesota 
Council of Mathematics Teachers 

April 29-30, 1955 

Coffman Memorial, University of Minnesota, 
Minneapolis, Minnesota 

Miss Angela Untereker, Technical High School, 
St. Cloud, Minnesota 


Sixth Annual Conference of the Michigan Council 
of Teachers of Mathematics 

April 29—-May 1, 1955 

St. Mary’s Lake Camp, Battle Creek, Michigan 

Irene Smith, Ann Arbor High School, Ann Ar- 
bor, Michigan 


Spring Meeting of Colorado Council of Teachers 
of Mathematics 

April 30, 1955 

Pueblo Junior College, Pueblo, Colorado 

Mrs. Amanda Lindsey, 753 S. Sherman Street, 
Denver 9, Colorado 


Annual Meeting of Association of Mathematics 
Teachers of New York State 

May 6-7, 1955 

Hotel Syracuse, Syracuse, New York 

Pauline A. Morris, Geneva High School, Ge- 
neva, New York 


Annual Spring Meeting of the Indiana Council 
of Teachers of Mathematics 

May 21, 1955 

Butler University, Indianapolis, Indiana 

R. L. Green, 3401 N. Meridian, Indianapolis, 
Indiana 


University of Oklahoma Institute for Teachers of 
Mathematics 

June 6-17, 1955 

University of Oklahoma, Norman, Oklahoma 

J. O. Hassler, University of Oklahoma, Norman, 
Oklahoma 


National Science Foundation Collegiate Confer- 
ence 

June 13-July 22, 1955 

Oklahoma A. and M. College, Stillwater, Okla- 
homa 

L. Wayne Johnson, Oklahoma A. & M. College, 
Stillwater, Oklahoma 


Sixth Annual Mathematics Institute 

June 19-24, 1955 

Louisiana State University, Baton Rouge, Lou- 
isiana 

Houston T. Karnes, Louisiana State University, 
Baton Rouge 3, Louisiana 
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California Conference for Teachers of Mathemat- 
ics 

July 5-15, 1955 

University of California, Los Angeles, California 

Clifford Bell, University of California, Los An- 

geles 24, California 


Third New Jersey Mathematics Institute 

July 6-15, 1955 

Rutgers University, New Brunswick, New Jer- 
sey 

Director of the Summer Session, Rutgers Uni- 

versity, New Brunswick, New Jersey 


i 


Third Annual Mathematics Institute of the Flor- 
ida Council of Teachers of Mathematics 

August 18-20, 1955 

University of Florida, Gainesville, Florida 

Kenneth P. Kidd, University of Florida, Gaines- 

ville, Florida 


Seventh Annual Mathematics Institute of the As- 
sociation of Teachers of Mathematics in New 
England 

August 18-25, 1955 

Middlebury College, Middlebury, Vermont 

Harriet Howard, Ethel Walker School, Sims- 

bury, Connecticut 


Another view of the process of definition 


Continued from page 178 


the projected use of the phrase ‘natural 
number” and the reader is obligated to 
accept the writer’s decision if he chooses 
to read on and to receive any communica- 
tion. 

Mr. Nichols seems to restrict his dis- 
cussion to definition of nouns. I cannot say 
that this is actually restrictive because I 
suspect that with sufficient ingenuity one 
can twist almost any definition into the 
noun form; however, it does strike me 
that this may be highly artificial and very 
difficult in many cases. As a single exam- 
ple, consider the definition of the symbol 
““<.” It seems to me to be natural and 
simple to state: “a<b’” is defined as 
“a=bora<b.” I am curious to see wheth- 
er this can be defined within the frame- 
work of objects, classes, and character- 
istics. 

On the matter of redundancy, I would 
agree that this is an undesirable character- 
istic but would add that this is occasion- 
ally difficult to detect in mathematics 
(and probably elsewhere) and that there 


186 The Mathematics Teacher | March, 1955 


is no danger of any serious logical conse- 
quences. As an example, suppose that 
someone has studied only a very little 
geometry and has become fascinated by 
the discovery that certain triangles have 
two equal sides and two equal angles. He 
may wish to make a definition at this 
point and I would not object to such a 
definition even though a theorem to be 
proved later will reveal the redundancy. 
The sixth criterion concerning previously 
known or defined terms would follow as a 
natural consequence of my position. 

In conclusion, I should confess that 
when I first read Mr. Nichols’ article, I 
was tempted to become quarrelsome and 
to try to arouse a controversy. Then I re- 
membered that a mathematician should 
be consistent. Mr. Nichols has defined a 
good definition as something satisfying 
his six criteria; I have decided that the 
word ‘definition’? will mean for me “a 
decision or agreement to use a new symbol 
interchangeably with some set of old sym- 
bols.”” We can quarrel only’ about the 
relative fruitfulness and convenience of 
our two definitions. 
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NOW—the text that has been used in more 
than 375 secondary schools and 80 colleges 
is rewritten to fit your specifications . . . 


Slade and Margolis’ 


MATHEMATICS FOR TECHNICAL 
AND VOCATIONAL SCHOOLS 


NEW FOURTH EDITION 


By SAMUEL SLADE, B.S., C.E., and LOUIS MARGOLIS, A.B., C.E. 

Some time ago, a nationwide cross-section of mathematics instructors was 
polled to discover the features they wanted most in a teachable and modern 
textbook. The resulting data has been carefully put to work in the revision of 
Slade and Margolis’ well-known Mathematics for Technical and Vocational 


Schools. 

In its fourth edition, this text is better in the classroom than ever before. 
Naturally, features that have contributed to its past success have been retained. 
These include: (1) a thorough review of arithmetic, (2) elimination or re- 
duction to simplest form of all theoretical discussions and derivations of 
formulas, (3) a comprehensive treatment of mensuration, (4) a wealth of 
illustrative examples, (5) a complete chapter on measuring instruments, (6) 
5000 interest-arousing problems, (7) a full chapter devoted to graphs, (8) a 
valuable presentation of machine shop applications, (9) exceptional tables, 
(10) suitability for either day or evening classes, and (11) a chapter on prac- 
tical computations which stresses the importance and arrangement of work, 
accuracy of results, mental approximation of results, and methods of checking 


results. 


FEATURES of the 4th Edition 


modernized format 
_@ an expanded chapter on logarithms and graphs 
@ a rewritten section on differential indexing 
e revision of all problems involving cost of material and labor to con- 
form with modern cost and wage scales 
many new problems 


574 pages Illus. 5% by 8% $4.48 


Send today for your on-approval copy. 


JOHN WILEY & SONS, Inc. 
440 Fourth Avenue New York 16, N. Y. 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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FISK Teacher’s Agency 


28 E. Jackson Bivd. - Chicago 4, Ill. 


Teachers in the different fields of mathematics have exceptional opportunities 
through our office for positions in high schools, colleges and universities. 
OUR SERVICE IS NATION-WIDE, 


SUMMER SESSION 
June 24—August 19, 1955 


© Courses in Mathematics for Teachers 

© Courses in Education for Mathematics Teachers 

© Conference on Teaching Arithmetic (July 11-12) 

@ National Science Foundation Conference for Mathematics Teachers (June 27-July 22) 


For information write to: 
Professor J. R. Mayor, Education Building 
The University of Wisconsin, Madison 6, Wisconsin 


Visual Aids 
for Mathematics 


fo Use Your 


Visualizer $100.00 
Bulletin end Cubic Foot 6.75 
DONOVAN A. JOHNSON Board Foot 2.00 

CLARENCE E. OLANDER Angle Measurement 4.75 

Make your bulletin board a genuine Geometric Solids 20.00 
teaching aid. Trigonometry Board 10.00 
Discusses purposes, appropriate topics, Circle 2.75 
supplies needed, techniques, and “tricks Demonstration Case 6.75 


of the trade.” Plane Geom. Figures (flocked) 3.25 


Illustrated with reproductions of actual Fractional Parts (flocked) 4.75 - 
displays. Linkages 5.50 
A gold mine of ideas for the effective Plastic Figures 13.50 
use of your bulletin board. Variable Quadrilaterals 8.00 
Number One in the new “How-To” Variable Rectangle 3.50 


Series. Watch for future items. 


For complete information send 
for free descriptive folder. 


Price 50¢. Quantity discounts. 


NATIONAL COUNCIL OF TEACHERS 
OF MATHEMATICS 
1201 Sixteenth Street, N.W. 
Washington 6, D.C. 


THE VIS-X CO. 
4870 Eagle Rock Blvd. 
Los Angeles 41, Calif. 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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Nelson-Grime 


... gives students a working knowledge of fundamental mathematics 


ALGEBRA FOR PROBLEM SOLVING 


BooKS 1 AND 2 


Freilich-Berman- Johnson 


help students to help 


MAKING MATHEMATICS WORK 


. . . presents algebra in a clear, interesting, and realistic manner 


Houghton Mifflin Company 


Boston New York Chicago 


Dallas Atlanta 


REDUCED PRICES 
ON YEARBOOKS 


The following yearbooks of the National 
Council of Teachers of Mathematics are be- 
ing sold at the special prices listed. Only 
a few copies remain of some volumes. 


Third, Selected Topics in Teaching Math- 
ematics, $1.00 


Fourth, Significant Changes and Trends in 
the Teaching of Mathematics Through- 
out the World Since 1910, $1.00 


Sixth, Mathematics in Modern Life, $1.00 


Nineteenth, Surveying Instruments, History 
and Classroom Use, $2.00 


Twentieth, The Metric System of Weights 
and Measures, $2.00 


Postage paid if you send 
remittance with order. 


NATIONAL COUNCIL OF TEACHERS 
OF MATHEMATICS 
1201 Sixteenth Street, N.W. 
Washington 6, D.C. 


UNIVERSITY of COLORADO 


1955 Summer Session 
JUNE 17-JULY 22; JULY 25-AUG. 27 


Mathematics 


Workshop 


JUNE 20-JULY 22 
Directed By 
Prof. Edwin Eagle 
of San Diego State Teachers College 

Lectures, discussion, and laboratory periods 
devoted to individual and group problems, 
with opportunity for analysis and develop- 
ment of materials useful in the classroom. 


For further information address 


PROF. CLARIBEL KENDALL 
Department of Mathematics 


UNIVERSITY of COLORADO 
Macky 354, Boulder, Colorado 


Please mention the MATHEMATICS TEACHER when answering advertisements 


San Francisco 
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WELCHONS- KRICKENBERGER 


NEW SOLID GEOMETRY 


A remarkably clear presentation of proofs, exercises, and explanations to 
help students acquire spatial concepts, to perceive the relations of figures 
lying in different planes; and to make practical use of solid geometry. 


TRIGONOMETRY WITH TABLES 


Features an abundance of illustrative examples; discussion of approximate 
numbers; a clear treatment of inverse functions, complex numbers, and 
hyperbolic functions; helpful visual aids including two-color printing. 


added to the popular W-K program 


ALGEBRA, BOOK ONE, Elementary Course 


A simply written, pupil-centered text which presents algebra wherever pos- 
sible as an extension of arithmetic; provides 3 levels of work; gives special 
attention to problem solving. Tests, and Teachers’ Manual 


ALGEBRA, BOOK TWO, Second Course, Complete 


Clear and thorough, this practical text shows many interesting applica- 
tions of algebra to science and industry. Abundant exercises and problems. 


NEW PLANE GEOMETRY 


Arranged for maximum flexibility, this text features direct, understandable, 
and exceptionally thorough explanations. Proofs of most basal theorems 


outlined in full. Tests, Teachers’ Manual and Answer Book 


Write for circulars. 


GINN AND COMPANY ...... sosros 


Sales offices: NEW YORK 11 CHICAGO 16 ATLANTA 3 DALLAS 1 


COLUMBUS 16 SAN FRANCISCO 3 TORONTO 7 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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HELPFUL REPRINTS from the 
MATHEMATICS TEACHER 


STATISTICAL TRAINING FOR SECONDARY 
SCHOOLS, by William J. Moonan. Nature of 
statistical methods and place in the secondary 
school. 7 pp. 20¢ each. 


PROFESSIONALIZED SUBJECT MATTER FOR 
JUNIOR HIGH SCHOOL MATHEMATICS 
TEACHERS, by Myron F. Rosskopf. Understand- 
ing numbers through a study of other number 
systems. 7 pp. 20¢ each. 


THE HIGH-SCHOOL MATHEMATICS LI- 
BRARY, by William L. Schaaf. A valuable guide 
in the developing of a library. 10 pp. 20¢ each. 


SOME CLASSROOM PROBLEMS FROM THE 
FIELD OF ATOMIC ENERGY, by Wallace Man- 
heimer. Level of intermediate algebra. 5 pp. 15¢ 
each. 


EUCLIDEAN CONSTRUCTIONS, by Robert C. 
Yates. Discusses the nature of Euclidean construc- 
tions and the limitations on the traditional 
geometric instruments. 3 pp. 15¢ each. 


THE MATHEMATICS TEACHERS’ OPPORTU- 
NITIES FOR GUIDANCE, by Kenneth E. 
Brown. Discusses the importance of guidance for 
pupils and lists many opportunities for guid- 
ance available to the teacher. 4 pp. 15¢ each. 


COMPLEX NUMBERS: AN EXAMPLE OF RE- 
CURRING THEMES IN THE DEVELOP- 
MENT OF MATHEMATICS, by Phillip S. 
Jones. A history of complex numbers pointing 
out interesting interrelationships and applica- 
tions. 28 pp. 25¢ each. 


A GEOMETRIC APPROACH TO FIELD-GOAL 
KICKING, by Gerald B. Rising. High school 
level. 4 pp. 15¢ each. 


THE ROLE OF INSIGHT IN THE LEARNING 
OF MATHEMATICS, by Howard F. Fehr. Dis- 
cusses and illustrates the nature of insightful 
learning. 8 pp. 20¢ each. 


ANALYSIS: NOTES ON THE EVOLUTION OF 
A SUBJECT AND A NAME, by Carl B. Boyer. 
The development of analytic and synthetic 
methods. 14 pp. 25¢ each. 


Please send remittance with order. 


NATIONAL COUNCIL OF TEACHERS 
OF MATHEMATICS 


1201 Sixteenth Street, N.W. 
Washington 6, D.C. 


ALGEBRA ONE 
ALGEBRA TWO 


by Rolland R. Smith 
Coordinator of Mathematics, 
Springfield, Massachusetts, Public Schools 


and Francis G. Lankford, Jr. 
Professor of Education 
University of Virginia 


Two 1955 textbooks that stress 
ALGEBRA FOR UNDERSTANDING 


—through easy development of basic 
algebraic ideas, using step-by-step pre- 
sentations of each new principle, rule, 
and definition. 


and ALGEBRA FOR USE. 


—through practical and realistic appli- 
cations, keyed to the interests and 
everyday experience of high school stu- 
dents. 


Request information material from: 


WORLD BOOK COMPANY 


Yonkers-on-Hudson, New York 
2126 Prairie Avenue, Chicago 16. 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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FALL CLASSES 


COLLEGE ALGEBRA AND PLANE 
TRIGONOMETRY 


By ABRAHAM SPITZBART 
and Ross H. BaRDELL 
University of Wisconsin 


A careful, thorough treatment of college 
algebra and plane trigonometry, combined in 
one volume for maximum teaching effective- 
ness and economy of presentation. In planning 
integration of the two subjects, the aim of the 
authors has been to emphasize the trigono- 
metric functions. They have, therefore, avoided 
artificial integration merely for its own sake, 
but in places where there is no textual inte- 
gration, unification is achieved through illus- 
trative examples and exercises. 


The most noteworthy features of this new 
text are its use of the function concept as the 
unifying theme, and the skillful integration of 
college algebra and trigonometry. The first 
four chapters are devoted to a review of high 
school algebra. While it is intended primarily 
for a four or five semester hour course, it may 
also be adapted to a longer course for students 
with weaker mathematical backgrounds. 


Cloth, ¢. 225 pp, 82 illus; to be published 
April 1955 — $4.50 


COLLEGE ALGEBRA 


By Ross H. BARDELL 
and ABRAHAM SPITZBART 
University of Wisconsin 


A clearly written, well motivated text for a 
first course in college algebra, which uses the 
function concept as the unifying theme. The 
first four chapters are essentially a review of 
high school algebra, but this section may be 
omitted in courses offered to better prepared 
students. The book is so designed that each 
exercise group, together with the textual ma- 
terial preceding it, constitutes a logical teach- 
ing unit. An unusually large selection of 
exercises and problems, graded as to difficulty, 
enhances the text’s teachability. 


Cloth, 228 pp, 22 illus, 1st ed, 2nd prtg, 
1954 — $3.75 


SEND FOR YOUR EXAMINATION COPY 


A ADDISON-WESLEY 
WV PUBLISHING COMPANY, INC. 
CAMBRIDGE 42, MASSACHUSETTS 


Mathematics textbooks 
for non-algebra students 


HART, W. W., GREGORY 
& SCHULT 
MATHEMATICS IN 
DAILY USE, Revised 


HART, W. W. & GREGORY 


GENERAL MATHEMATICS 
IN DAILY ACTIVITIES 


EWING & HART, W. W. 


GENERAL MATHEMATICS 
AT WORK 


KANZER & SCHAAF 


ESSENTIALS OF 
BUSINESS ARITHMETIC 


THIRD EDITION 


BUTLER 


ARITHMETIC FOR 
HIGH SCHOOLS 


Sales Offices: New York 14 Chicago 16 
San Francisco 5 Atlanta 3 Dallas 1 
Home Office: Boston 16 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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HOW TO STUDY MATHEMATICS 


A Handbook for High School Students 
By HENRY SWAIN 


© Directed to high-school students. Written in their language. 


© Contains many practical suggestions for succeeding in homework, classwork, and 
tests in mathematics. 


© Gives special help with difficult areas in algebra, geometry, and trigonometry. 
© Illustrated with interesting drawings of students at work. 
© Some typical topics: How to prepare assignments, what to do when you “get stuck,” 
how to review, how to develop vocabulary, how to take notes, how to memorize, 
how to take tests. Many other useful topics. 
Order copies for your students. Generous discounts on quantities 


Price 50¢ each. Postpaid if you send remittance with order 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


BYROADS OF Gives enrichment material in high-school 
Igebra. 
ALGEBRA 


Algebra to simplify arithmetic computations. 


Joseph 
Number puzzles. 


Algebraic acrobatics. 
16 pages 
40¢ each Useful for mathematics clubs or for class 


Quantity discounts work. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


1201 Sixteenth Street, N.W. Washington 6, D.C. 


Please mention the MATHEmaTics TEACHER when answering advertisements 
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For Owid —Impresswe 
DEMONSTRATIONS — 
The Welch Slide-Rule 


4 ft. long 


No. 252 


Large—Clear Scales and Numerals 
Can be easily read at a distance 
Not Cumbersome 


The WELCH Demonstration Slide Rule operates SMOOTH- 
LY and has LEGIBLE SCALES! 

It simulates the small rules in every way. Results of com- 
putation performed with it are illustrative of those obtained 
with standard slide rules. The regular Mannheim A, B, and 
‘D scales are 40 inches long. 

White scales and numerals on a black face. 

Can be hung on the wall by two metal hangers provided at 
the top edge and rubber feet are provided to prevent 
marring on the wall. 


SUBSTANTIALLY CONSTRUCTED — FOUR 
LAMINATIONS OF MASONITE SECURELY 
RIVETED AND SCREWED TOGETHER. 


Each $13.50 
Serving the schools for 75 years. 
W. M. WELCH SCIENTIFIC COMPANY _ 


DIVISION OF W. M. WELCH MANUFACTURING COMPANY 
Est. 1880 


1515 Sedgwick St. Dept. X Chicago 10, Ill. U.S.A. 


